Resonator Losses and Resonance
Properties

4.1 Losses

In our discussion of resonators so far, we have ignored losses. Losses are
both necessary and unavoidable. For example, to couple energy into the
cavity, or to extract energy from it, mirror reflectivity must be less than
unity. In addition, modes also suffer losses due to diffraction, scatter-
ing and absorption. These losses are specified for one round trip of the
circulating field inside the cavity.

A. Transmission losses

These losses are incurred by the field due to finite transmittivity of the
mirrors or absorption in their reflective coating. These losses are localized
at the mirrors. When a wave circulating inside the cavity encounters a
mirror of reflectivity R, a fraction R of its power is reflected back into
the cavity and a fraction 1 — R = 7 + A is lost either due to mirror
transmission ( a fraction 7°) or absorption (a fraction A) by the mirror
coating. Mirror loss is usually dominated by the transmission loss. For
this reason mirror losses are simply referred to as transmission losses.

In laser physics it is customary to characterize mirror transmission
and absorption losses in terms of the loss factor, a dimensionless quantity,
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4.1. LOSSES

defined by
=-—IhhR=—In(1-7-A). (4.1)

For small mirror transmission and absorption, the loss factor reduces to
the fractional power loss suffered by the wave at the mirror

L=-In(1-T-A)~T+A. (4.2)

For large mirror losses, £ can exceed unity. For example for a mirror of
30% reflectivity, the loss factor is 1.20, whereas for a mirror of 95% reflec-
tivity it is 0.05. In the latter case it is equal to the mirror transmittance
T=1-R.

In a two mirror cavity the wave is reflected once from each of the
mirrors so that in one round trip it has a fraction R{Rs of its initial power
remaining inside the cavity and a fraction 1 — R{Ro lost due to mirror
transmission and absorption. The loss factor in this caseis £ = — In R1'Ro.
Generalizing this to an N-mirror cavity, we find the loss factor due to
mirror transmission and absorption is

N N
L,=-W[RiRy---Ry]=) —IR; =) L (4.3)
j=1

Jj=1
B. Diffraction losses

An important parameter for discussing diffraction losses in finite diameter
optical resonators is the resonator Fresnel number Ng, defined by

na2

N,=— 4.4
where 2a is the transverse width of the resonator end mirrors, L is the
length of the resonator, X is the wavelength of light and n is the refractive
index of the medium filling the resonator. This number is the number of

Fresnel zones across one end mirror as seen from the center of the opposite
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4.1. LOSSES

mirror. Let us recall that the end mirror spot size in a symmetric confocal
resonator of length L is w? = L\/mn and other stable resonators have
similar spot sizes at the mirrors. Then the expression for N, can be
written as

N,=——=—5— (4.5)

Thus, N, is the ratio of the resonator mirror area to the area of the
lowest order confocal mode area divided by 7. If we note further, that the
radius of an nth order Hermite-Gaussian mode is to a good approximation
pn =~ y/nw;. Then the largest order of Hermite-gaussian or Laguerre-

gaussian mode that will fit within the mirror aperture is

CL2

Nmax = w_% =7N,.

The exact calculation of losses must be done using Huygens-Kirchoff
diffraction theory. These calculations give both the losses and additional
phase shifts, which are the exact versions of the Guoy phase shifts ¥ (z)
given in the ideal Gaussian limit by the ¥ (z) = tan™!(z/zy) formula.
They, thus, determine the exact spacing of transverse modes in the finite-

aperture resonators. In practice, for n, > 10, the gaussian approximation

(4.6)

for the mode shape is excellent for the lowest few modes.

A number of empirical formulas for the one-way power loss per
pass Lgg in finite-aperture resonators have been developed by various
researchers.

Confocal square mirrors

8m\/2N,, e 4 Np N, > %
1 —16N2e " r N, —0
Confocal circular mirrors
16m2N, e~ 4™V N >1
R e (4.8)
1—(nN,) N, —0
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Planar strip mirrors

Lag=012N73% N, >1 (4.9)
Planar circular mirrors
Lag=033N73% N, >1 (4.10)

C. Absorption and scattering losses

These losses due to scattering and absorption in the medium are dis-
tributed throughout the cavity. They are also referred to as distributed
or internal losses. Such losses are specified in terms of an absorption
coefficient «, with units [a]=m™!
round-trip, a wave circulating inside the cavity will have a fraction e

or more practically cm™!. After one
—a2L

of its initial power remaining inside the cavity and a fraction 1 — e=®%F

lost due to absorption. Here 2L is the round trip length of the cavity.
Sometimes the factor e %" is treated as an effective reflectivity and in-
ternal losses per pass are sepcified in terms of an effective transmittance
7, =1 — e %L The loss factor for absorptive losses is then defined in a
manner analogous to transmission losses

L= {— InR; =—In(1 —7;) losses specified as 7; (111)

In[e ] = —a2L losses specified as «

The cavity loss factor is the sum of internal (distributed absorptive and
scattering losses) and external loss (mirror transmission, absorption, and
diffraction losses) factors

L=L,+L.=—InR,—InRiRy---Rn (412)

Cavity life Time

As a consequence of these losses any field inside the cavity will lose energy
as it propagates inside the cavity. If there are no sources to replenish the
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lost energy, field amplitude and therefore the intensity will decay with a
time constant determined by the losses.

To be concrete, let us consider a two mirror cavity of length L. Let
&y be the field amplitude and [ the corresponding intensity at time ¢t = 0.
Then one round trip distance is 2L and the time for one round trip is

T, =2L/(¢/n) =2nL/c (4.13)

After each roundtrip the intensity is reduced by the factor! R;Roe 2F.

After m round trips the intensity will be

I(tm =m7,) = Iy [RiRee **]" = Iy exp[—(2aL — InRiR2)m]
L.

= exp[—T— - mT,]

= I exp[—t;/Tc] (4.14)

where
ty, = mT, = m@ (4.15)
7. Tr 2nk (4.16)

T %L —ImRRy L.

If we take the intensity (4.14) equation to hold for all times ¢, not just at
discrete instants t,,, we can write it as

I(t) = Iyexp(—t/7.) . (4.17)

The light intensity in this approximation decays with a time constant 7,
given by Eq. (4.16). It is the time for the cavity intensity to decrease to
1/e ~ 37% of its initial value. It is a measure of the time for which the

IHere we are ignoring diffraction losses which are usually small for large aperture mirrors. They are
easily incorporated by including multiplicative factors such as (1 — Lgig) with mirror reflectivities in
Eq.(4.14)
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cavity can store electromagnetic energy. Time 7. is called the lifetime of
the cavity. It is naturally related to the cavity loss factor L..

For large mirror reflectivities Ry, Ro &~ 1 and negligible absorption,
we can write Ry = 1 —7; and Ry = 1—75 where the mirror transmittances
satisfy 77,75 < 1. The expression for the cavity life time then simplifies

to
Te = 2nl = 2nl (4.18)
caL+T+T) L
where the total single pass loss £ = 2aL + 7; + 75 is the sum of intrinsic
(due to diffraction, absorption scattering etc.) loss per pass 2al and

transmission losses

L=L,+L,, L, ,=2L, L,=T+7T. (4.19)

These equations are easily generalized to cavities involving more than two
mirrors.

Order of magnitude estimate Let us estimate 7. for a cavity consisting of
two mirrors of reflectivities Ry = 0.98 = Ry separated by 90 cm in air.
Since the mirror reflectivities are large we can use Eq. (4.18) for 7. to
obtain

ol 1 2%0.90 1
_ — 150 4.20
¢ 2aL+T,+T 3.00x10° 004" ns (4.20)

This differs by less than 2% from the result ( 7. = 148 ns) obtained by
using Eq. (4.16).

The cavity lifetime, although short by ordinary standards, is typi-
cally long compared to an optical cycle. For A\, = 600 nm an optical cycle
is 70 = A\Je = 600 x 1079/3.00 x 108 = 2.00 x 1071 s. The ratio 7.7 is
then the number of cycles an optical field will execute in one cavity life
time. For our example this ratio

Te 150 x 107°

_ _ 7
= 00 10E — 79X 10 (4.21)
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is a very large number. Thus if a certain amount of energy is deposited
in the cavity, it will take many millions of optical cycles for the cavity to
empty out. The ratio 7./7 is a measure of the quality of a resonator and
is related to the -factor of the cavity

Te 2nL
=2T X — =2n—— 4.22
Q n To d )\,C ( )
A cavity that stores energy for a long time (many optical cycles) is a high-
Q) (high quality) cavity. From the dependence of () on cavity losses we see

that lower the loss higher the quality. Expressing 7. in terms of ()

o _Q
Q= (4.23)

we write the time dependence of the intensity as
I(t) = Lye /@ (4.24)

Noting that the intensity is given by I = (W/V)ec/n where W is the
stored and V' is the effective mode volume, we can write an equation for
the energy stored in the resonator

dW . wo

- a" (4.25)

With the help of this equation we find that the energy lost in one optical

cycle 1o = 27 /wy is AW =7 ‘% = % so that () can be written as
%4
= 2T—. 4.26
Q=2 (4.26)

Thus ) is 27 times the ratio of energy stored in the resonator to the
energy lost in one optical cycle. Another way of stating this is that @) is
27 times the number of optical cycles it will take to lose the energy stored
at a constant rate of AW per optical cycle. Note that ) can be quite high

Singh2009:4-7



4.1. LOSSES

even for lossy cavities. For example, the ()-factor of 50 cm long cavity
with 90\ = 600 nm is

2nL 2 x 0.50

- — 1.1 x 107 4.27
Zx  “"0.00 x 600 x 109 % (4.27)

Such large values of () arise because although the loss per pass is large,
the loss per optical cycle is still small.

Cavity linewidth (FWHM of the spectrum)

From the decay of the intensity (I o< |€|?) it follows that the amplitude of
cavity mode (frequency wy will have the time dependence

E(t) = Ege t/Freiwot (4.28)

Taking the Fourier transform of the amplitude we find

] > iwt 50
Ew) = /0 dEDe = (4.29)

This leads to the cavity mode power spectrum
2
~ 2 ’50‘ ~12 |1 1/47T,
‘S(w)‘ = = ‘50’ T, [—
(W —wp)?+ (1/27.)? (v —v)?+ (1/4n7,)?
(4.30)
which is plotted in Figure . In the limit 7. — oo the spectrum has the
character of delta function centered at 1. In this limit the mode spectrum
is a sharp spike (line) at 1. For finite 7., the power in a mode is distributed
over a band of fequencies centered on mode frequency vy. Using FWHM
to define the width A, of the power spectrum we find that

1 c L Wy V

Av,

SIS

(4.31)

B 2T, T onlLon 2m(Q) a
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Thus the cavity mode acquires a width 1y/@Q known as the cavity line
width. 2 Large values of @ imply sharply defined mode frequencies relative
to the optical frequency. Another quality factor F, called the finesse of the
cavity, is used to characterize the sharpness of cavity modes. cavity finesse
is defined to be the ratio of the longitudinal mode spacing Av,, = ¢/2nL
to the cavity linewidth Av,

= A = Ay 217, = L27r% = 2—7T

Av, 2nL oL L

(4.32)

Cavity finesse gives an indication of the sharpness of mode frequencies
relative to the frequency spacing of cavity modes. For 90 cm long cavity
with 4% loss per pass we find

~3.00x10° _ 0.04

Av, = Hz =1.06 MHz ~ 1.1 MHz. 4.33
YT %000 < 2m ’ ’ (4.33)
The axial mode separation is
: 10®
Avgy =~ = 20Xy 167 M (4.34)

onL 2 x0.90

Thus Av, is small compared to the axial mode spacing.

2Tt is important to realize that widths are defined differently by different authors and one has to be
careful in interpreting what the authors mean when they use the term linewidth.
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4.2. RESONANCE PROPERTIES OF LASER RESONATORS

4.2 Resonance Properties of Laser Resonators

Optical resonators can also be used as spectrum analyzers, filters or as
build up cavities. For these applications the resonator mirrors must be
patially transmitting to permit coupling of external fields to the cavity.

Consider a resonator filled with a dielectric of refractive index n and
absorption coefficient . A monochromatic field &; is incident on mirror
M;. We assume that the incident field is spatially mode matched to one
of the cavity modes. Let £, and &, denote the reflected and transmitted
fields and £, and £_ the right and left going fields inside the resonator.
All fields have the dominant time dependence e ** and dominant space
dependence €**=%/2_ Then in the steady-state the fields must satisfy the
boundary conditions at z =0 and z = L

= VT&(0 +\/_ R1E_(0) (4.35a)
0) —V/R1E(0) + \/TiE_(0) (4.35D)
E_(L) = V/RoE4 (L) = /RE.(0)e 0L/ 2HikLAY) (4.35¢)
E(L) = \/TE(L) = \/TE, (0)e oL HikL+Y) (4.35d)

Here W represents phase changes, other than kz, experienced by the
wave due to propagation. It may includes, for example, the Guoy phase
shift and any other contributions due to the transverse spatial structure
of the wave.

Since £, and £_ are part of the field circulating inside the resonator
it follows that

(0) = \/RoE4 (L)e L2+ — | /R,E, (0)e~oL+i20 (4.36)

where the phase ¢ is related to the wave frequency w = 27v and the
refractive index n of the medium filling the resonator by

L
b=kl +0 ="y (4.37)
C
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_ z=L
Z_0< L >
&i
\/_‘ — & — Et
VR, HVR, VR =
- |
Er
VR VT

1 1

Figure 4.1: £, and £_ are the right and left traveling part of the same circulating field
Ee.

With the help of Eq.(4.36) we can solve Eqs.(4.35) for £,(0) =&, £,(L) =
E,,and £,.(0) =&, to find

vTi
- ((:Z 0 4.38a
1 — + /R1R26—aLez2¢> ( ) ( )
T. 7T —alL  i¢
£, =—Y120 °c0), (4.38b)
1 — V/RiRoe 2Lei20
R — VR —aL+12¢
g =Y VE e (4.38¢)
’ 1— v 7-\),17?,2670@822‘Zs
From these equations, we find that the ratios of the transmitted, reflected,

and intracavity intensities to the intensity of the incident wave can be
written as

&=

I Tm X

Tzl T (4.39)
Iy 1+ Fsin“ ¢
I 7?fcrnin F'si 2

R, = & — + Feln ¢ (4.39b)
1 1+ Fsin® ¢
I T emax

Io=w=—F""5", (4.39¢)
Iy 1+ Fsin“¢
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4.2. RESONANCE PROPERTIES OF LASER RESONATORS

where we have introduced the following definitions

4\/R1R26_al’

F= 4.40
(1 — \/R1R2€—04L)2 ’ ( a)
7'1/]5 e—aL
Zmax - 3 4.40b
(1 — \/R1R2€*O‘L)2 ( )
R — WRi— VR ™) (4.40¢)
cmin (1 . me_aL)z 9 .
T = T (4.40d)

(1 — \/Rlee_aL)Q .

Here 7. and R. represent, respectively, the power transmission and re-
flection coefficients of the cavity and Z. represents the factor by which
the intracavity intensity is enhanced compared to the incident intensity.
The significance of various quantities introduced in Egs.(4.40) will become
clear in the following paragraphs. Equations (4.39) indicate that 7., R.,
and Z. are periodic functions of ¢. They pass through a series of maxima,
and minima as ¢ varies.

A plot of cavity transmission and reflection as a function of ¢ is
shown in Figs. (4.2) and (4.3). It attains a maximum value Z.y.x given
by Eq.(4.40b) for

¢E%—|—\If:pﬂ, (4.41)
where p is an integer. The maxima are separated by ¢¢ = m. We also
note from Fig. (4.2) that even when each mirror by itself may have a
small transmission, cavity as a whole may have much larger transmission.
This is a dramatic consequence of wave interference. This can be seen by
considering Fig. (?7?7) where the transmitted field is written as a superpo-
sition of partial transmissions as the wave injected into the cavity bounces
back and forth between the mirrors. With this interpretation the integer
p is referred to as the order of a transmission maximum and serves as an
index to label it.
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C max—

v,

1 Tc max—" T

0.5

R \ — ‘ 0.9 ) \ \ ‘ |
pr (p+1)7 2mvL /e
27r(1/p—5yc/2)L/c 2m (up—l—éuc/Z)L/c

Figure 4.2: Transmission from a Fabry-Perot cavity as a function of ¢.

Half way between two consecutive maxima, the transmission has a
minimum given by

7.
ﬂmin == ﬂ . 4.42
1+ F ( )
These minima are located at
L 1
¢E%+\If:<p+§>7r (4.43)

The condition for maximum transmission (4.41) implies that maximum
transmission is attained when the frequency of the incident field coincides
with the frequencies determined by

c s
= — —— . 4.44
Y 2nlL <p 7T) ( )
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R R=0.9
C max
0.5
TRy pax— -\~ e e
0.1
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pr (p+1)m 2nvL/c

Figure 4.3: Reflection from a Fabry-Perot cavity as a function of ¢.

These frequencies are precisely the cavity mode frequencies given by Eq.(?7?).
It follows that the cavity transmission is a maxium whenever the incident
field frequency is in resonance with a cavity mode frequency.

Assuming that the incident field is spatially mode matched to a par-
ticular transverse mode, the frequency interval between successive maxima

will be
c

Vpi1 — Vp = Il = Avgy, , (4.45)
which is equal to the axial mode separation for the cavity. In the context
of resonators as spectrum analyzers, this interval is known as the free
spectral range

Av ¢

FSR:%—L'
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&y
gr4
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&
—"0,
No= 1

ncident wave

Figure 4.4: The reflected and transmitted beams can be written as a superposition of
multiple beams generated by partial transmission and reflection of the beam entering the
Fabry-Perot.

From Fig. (4.2), we note that the sharpness of transmission peaks
increases with increasing coefficient of finesse F', which is controlled by
the mirror reflectivities R, Ro, and internal losses 2aL, in addition to
the quality of the resonators construction. When the transmission and
internal losses 7, =1 — Ry, To = 1 — Ry, and L£; = 1 — e®*L are small, we
can use the much simpler expression for the coefficient of finesse

4R 1 Roe -
(1 — VRiRye—oL)?2
82— (Ti+ T +2al)] 82-L] 16
T (Ti+T+2aL)? L2 L
The last approximation is good within a few percent as long as the total
loss L=L,+ L, <0.1.
A measure of the sharpness of the transmission maxima is their

F =

(4.47)
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FWHM (full width at half maximum). Let us consider a transmission
maximum at v = v, and denote its FWHM by Awv,.. Then the frequency
vy + Av,/2 where the transmission falls to half of its maximum value at v,
is determined by 7.(v, + 1Av.) = 3$7.(v,). With the help of Eq. (4.56a)

this leads to T ]
D) == — _%max (448)
1+ Fsin®(pr + mAvenl/c) 2

or

Fsin?(Av.mnL/c) = 1 (4.49)

where we have used the result sin?(pr + 0) = sin” . Solving this we find
that Av,. is determined by

1
sin(AvemnlL/c) = — 4.50
(AvimLfe) = — (4.50)
Here the negative root has been ignored because, by definition, Av, is
positive.
If the coefficient of finesse F' is large, the argument of the sine func-
tion is small. We can then use the small angle approximation sinf =~ 6

and obtain

_ 2 ¢ _ Al (4.51)
where Av,., = ¢/2nL is the free spectral range and F is the finesse of the
resonator given by

Av,

VF B T(RiRo) Vel
2 - 1-— \/Rlee—aL

It is clear that the width Av, of a transmission peak is a small fraction of
the separation between successive transmission peaks (free spectral range)
when the resonator finesse F is large. When a resonator is used as a spec-
trum analyzer, its ability to resolve two closely spaced spectral frequency

F=" (4.52)
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in the input signal is limited by the width Av.. Large finesse F is a mea-
sure of the resolving power of a resonator. By writing the finesse as the

ratio

Av,, 27T,
= 8 = 4.
d Av, T (4.53)

R

we see that F is the number of transmission peaks that can fit in one free-
spectral range. Also using the relation Av, = 1/277, and Av,,, = 1/7,
we see that the finesse is 27 times the number of round trips that the
wave makes in one cavity life time. For small losses, the expression for the

finesse simplifies to
2m 27

F=—=—— 4.54
L L. +L, (4:54)
Using this, this expression for the finesse the width can be written as
cl L
Ay, = — = — 4.55
YT onL Th (4.55)

Thus Av, is the fractional power loss per roundtrip.
In terms of F, we can rewrite the transmission and reflection coef-
ficients and the build up factor as

,];max (4 56 )
c — 9 . a
1+ (2F /7)2sin’ ¢
. 2 i 2
- Remin + (2F /)7 sin® ¢ (4.56b)

1+ (2F/7)%sin® ¢

T emax
7, = , 4.56
1+ (2F /7)2sin? ¢ (4.56¢)

In the neighborhood of a transmission peak at v, = pAv, ., we can write
v=uv,+ (v —1p). (4.57)
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Then, for a high-finesse cavity near a transmission peak

i Tou
T L+ 2F/m)2sin’n(v — 1) [Av,,]

N Tomax
T+ QF /a2 r (v — 1) [ Avyg,)?
- Temax
14+ 2(v — 1) /Av)?
_ ,szaX(AVc/2)2 o TomaxTAve 1 AZ/C/Q
T wPT B 2 7wl (Bufop
= —TGmaX; S (4.58)

Here the function S(v) is the line shape function. This form is particularly
useful when a high-finesse resonator is used as a filter.

We have derived three different expressions for Av,

e 1 1-VRiRee*t _ ¢
2nL m (R1R2)1/4e—0¢[l/2 — I9nLF

Ave = 55520l —InR1Ry) = o] (4.59)
ziras(20L+ T+ T)

In practice, the first and second expressions for Av, lead to the same
answer within a few percent for Ry and Ry as large as 0.5. Furthermore,

both the first and second expressions give the same result as the third
expression for Ry, Ro, and 1 — e 2L < 0.1.
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Case I: R1 =~ Ry =0.98, 2aL ~ 0

‘
o
=

1 % 0.02020305 = 55 x 6.4308 x 107

Ave = ¢ 5% % 1 % 0020202071 = 5% x 6.4307 x 1073

c 1 c -
|55 X £ % 0.02 =35 x x6.3662 x 107°

\
)
|—=

5.7 X = x 0.7071068 = 57 x 0.225
Ave = { 55 % £ x 0.69314718 = 55 x 0.221

c 1 _ c
(5.7 X = X 0.5=35-x0.159

For L = 1.00 m in air, Ry = R ~ 0.98 and aLL = 0, we obtain the cavity
linewidth to be

c 1 3.00 x 10%

= — (T +7T) = 0.04 = 9.55 x 10° Hz ~ 1.0 MH
Lo Dt R) = o T * 8 g ’

Av,

The finesse is found to be

c 2T
= — = — :1
F 5T Ve 57

Cavity Buildup

The intracavity field build up is also a periodic function of ¢ and has a
maximum on transmission resonance

i
Icmax -
(1 — R1R2€70‘L)2
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4.2. RESONANCE PROPERTIES OF LASER RESONATORS

For a high-finesse cavity R, Ro ~ 1 and 2aL < 1

Temnax = sl

(4.61)

If 77 =~ 75 + 2aL, which is a condition for zero reflection from the cavity
we have a maximum buildup factor

1

Temax = = 4.62
- (4.62
If 75 + 2oL <« 77 we have the largest buildup factor
4
Lemax = — 4.63
= (4.63

In practice, even modest buildup factors, like 10, give a 100-fold increase
in nonlinear optical experiments, such as second harmonic generation.
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