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Laser Pump and Threshold

6.1 Quantum Theory of Absorption and Emission

Quantum mechanics allows the energy of bound atomic states to take only
certain values. Thus the allowed energy values of an atom might look like
those shown in Fig. 6.1. These energies are referred to as the energy levels of
an atom. Because of this discrete nature of atomic energy, an atom can absorb

E3 Third excited level

E, Sewondexcited level

>
20
;_]q’ E, Firstexcited level
Eo  Groundlevel
FIGURE 6.1

Energy levels of an atom.

or emit energy only in discrete amounts. An atom, initially in levelg;, can
make a transition to a higher energy levek; > E; by absorbing a quantum
(photon) of energyh!; = E; ! E;. Similarly, it can make a transition to a
lower energy levelE; < E; by emitting a photon of energyh!; = E;! E;*.
Thus the exchange of energy between the beld and atom occurs either by
absorption or emission of photons. Figure 6.2 shows absorption and emission

TAssuming that these transitions are permitted by the conservation laws.
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Absorption and emission of light by an atom.

processes for atomic transition between levels, and E,.

When we shine light on the atom, when will it absorb a photon?

Quantum Mechanics does not tell us precisely when this will happen, but it
tells us that the probability of absorbing a photon during a short time interval
"t is proportional to the RBux density of photon$ with the right amount of
energy, incident on the atom. Thus the probability of transition from leveE;
to E; is given by

transition probability = constant " ! 15"t, (6.1)

where ! 15 is the Bux density of photons of energi,! E;. Photon Bux density
is related to Peld intensity by

I, 1#nc|EP

l= =
’ h! 2 h!

(6.2)

Equation (6.1) is known as FermiOs golden rule. Then if there are initial,
atoms per unit volume in levelE, the fraction of atoms excited to levelE,
by the absorption of photons in the time"t will be
! n
|IIN1|

Ny 12

=constant" ! 5",

where"N; is the change in the number of atoms in levéM;. The number of
atoms excited in time"t isthen! "N; = |"N4|. Inthe limit "t # 0O, we obtain

the rate of atomic transitions
I mn I n

"Ny . dN;
I,,—I # 1| —= =constant” ! {oN;. (6.3)
t 12 dt 12
ZFlux density I ! number of photons per unit area per unit time (#/m  2-s). For narrowband Pelds

it is related to the intensity (power density) by ! | = I, /hv



Laser Pump and Threshold 113

From dimensional considerations it is easily checked that the OconstantO of
proportionality has the dimensions of a cross-section (area). It is usually
denoted by the Greek letter$ and can be calculated from quantum mechanics.
The values of$ can be measured and are often compiled in tables. Let us
denote the cross-section for the transition fronk; to E, by $;,. Then the
rate at which the population of levelE; is changing due to the transition of
atoms from levelE; to level E, [Eq.(6.3)] can be written in the form

|
" dN;

. =1 $12! 12N1. (6.4)

The minus sign on the right hand side of this equation indicates that the
population N; of level E; is decreasing due to absorption. The subscript 0120
labels terms which refer to the transitionE, # E,. Thus we have

! dN 4
dt oo,
$1, = cross-section for the transitionE; to E,
I 12 = number Bux density of photons with energyh! = E,! E;

= rate at which atoms make transition fromE; to E,

What about the population N, of the excited state? We can see that the rate
at which atoms leave the lower leveE; is equal to the rate at which atoms
arrive in the excited stateE,

|
B \P

— =+ $15! 15N3. 6.5
a o, $12! 12Ny (6.5)

where the O+0 sign indicates that the excited state populatidi, is increasing
due to transitions from levelE; to Es.

All of what has been said about the transitiorE, to E, also applies to other
absorption transitions. For example, the rates folE; to E; transition are
written as

|
" dN;

— =1 $13! 13N,

! dt 5

dN3

Bl AN
at ., $13! 13N1

Once excited to a certain level, an atom will eventually decay to a lower
level emitting a photon in the process. This is, of course, known as emission.
SupposeN, atoms are excited into levelE,. Then the rate at which atoms
decay from this level to levelE; will be

|
" dN,

G- I $51! 51No ! 98PN, (6.6)
21
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Various rates leading to transfer of populations between levels 1 and 2, of a two-level
system. Transitions to other levels are not shown.

Quantum mechanics tells us that the cross-sections f&r, to E, and E, to E;
transitions are, in fact, equal$,; = $:, and, since the emitted and absorbed
photons have the same frequency, the Bux densities are equa] E! 1.

The brst term $,;! ,1N, on the right hand side of Eqg. (6.6) is similar to the
one in Eq.(6.3) with the OonesO and OtwosO interchanged. This term represents
the rate at which the population ofE, decreases due to atomic transitions to
level E; by the emission of photons. It tells us that like absorption, emission
is enhanced by the presence of photons of enerBy! E;. This is known
as stimulated emission . Photons emitted in stimulated emission have the
same direction, frequency and polarization as the incident photon 3ux.

The second term%39N, on the right hand side of Eq. (6.6) corresponds to
the process known aspontaneous emission . It allows an atom to decay to
lower states by emitting a photon even when no photons of ener@s ! E;
are present. Unlike stimulated emission, photons in spontaneous emission
can be emitted in any direction. By setting !,; = 0 in Eq. (6.6), we can
solve the di"erential equation, and obtainN, = N,(0)e' "&’t. This means the
population of levelE, decays exponentially due to spontaneous transitions to
level E;1. The lifetime &39 of the state due toE, to E; transitions is dePned
as the time it takesN, to decay to Ye $ 37% of its initial value N,(0). This
gives a relation between paramete¥i? and radiative lifetime of the state

1
%
Equations like (6.4)-(6.6) hold for any optical transition that involves absorp-
tion or emission of photons. Nonradiative processes, such as collision, can also

transfer populations from one level to another. Corresponding rate equations
are of the form

d —
&1 =

|

" dN
_ =10
- | 9%, N 6.7)

nr
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where %, is the fractional decay rate for population transfer due to nonra-
diative processes and, = 1%, is the corresponding life time. The decay
rate (independent of photon Bux density) from leveE, to E; is then the sum
%: = % + %! . In what follows we will sometime assume tha%; $ %3¢
and will not distinguish between the two. All of the population changing rates
between levelE; and E, are shown in Figure 6.3.

The transition of the atom from level E, to E; will change the population
of level E; just as the transitions fromE; to E, changed the population of
E.. Since each atom that leave&, by emitting a photon of energyE,! E;
must end up in levelE, the rate of change of the population of leveE; will
be given by

| "

" dN,

dt

|
N,
da

If we focus our attention on the transitions between two levelg; and E, due
to absorption or emission of photons, the total rate of change of populations
in levelsE; and E, can be written as

|

|
N, _ ANy dN,

= = $12! 12No+ %iN2,  $21= $12,! 12=" 21. (6.8)

1 T T4 — = | | 0
dt pdt L, dt $12(N2 N 1)l 12+ %N>, (6.9a)
dN . dN2 . dN2
2- 2 + — =1 N-IN I I %.N,. .
dt dt dt $12(N» ) 12! %N, (6.9b)

These are the basic equations governing the evolution of population of two
levels connected by absorption and emission of radiation. When transitions
to other levels are included these equations must be modiPed by adding terms
corresponding to absorption and emission of appropriate frequency photons.
We will see examples of this in later sections. It now remains to relate these
changes to the change photon R3ux density.

6.2 Photon Equations

Now if the population N; (number per unit volume) increases byN; in time
"t, the same number of photons have been created per unit volume. The
change in photon RBux density ', = I/h! is then

C C
"= H"le ﬁ[$12! 12(N2'N 1) + %;No]"t,

where we have used Eq. (6.9a) to substitute foMN,. Taking the limit "t # 0
then gives
d! 12 _ C

dt ~n

[$12! 12# N + %;1N,] . (6.10)
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Let us compare this equation with the energy balance equation for absorprion
from an em beld. The average power absorbed by the atoms (the rate at which
the beld does work on the atoms) per unit volume is

|

aw __ P _1_ " _'P" _1_ .. .. 1l . _,

rr E aT— éRe EaT = éEa(l( P )= EO +lEf -
Since this power comes at the expense of beld power, the rate at which peld
energy density changes is given by

du 1 I
=1 = 2
=50 wlEl

Now photon RBux density ! is related to the Peld energy densityu by

o energy density
| = =
I = photon density " speed energy of one photon speed

c _ 1#n?EP, c _ 1#cn|EP

n 2 h n 2 h

Using this relation we can write the power transfer equation into an equation

for photon Bux density !
I n
d _ cdu_, (_)!! C 1#nc|EP

dt ~ hindt~ " nc’®*n 2 hi

u
ht’

c
=1 —*1, 6.11
X (6.11)

Comparing this equation with Eq.(6.10§, we once again recover our earlier
result (o
* = Y aa = S#EN2y =1 $(N2IN )= $(N1!N ).

Now let us examine if we can achieve inversion in a two-level system. This
means we focus on transitions between two bxed levels and ignore transitions
to or from all other levels to these two levels. By adding and subtracting
Egs. (6.9) we Pnd equations for the total number of atomN, = N, + N;
and population inversion #N,; = N2 !N 1 [N; = (Ngo! #N2)/2, N, =
(No +# N21)/ 2]

d(Ni+ Np) _

dt
d# Ny

dt

0 (6.12a)

=1 285! 12# Nar ! 291N,
=1 28150 12# Nog ! %1(No +# Noj) (6.12b)

The brst of these equations simply expresses the fact that the total number of
atoms N+ N, = Ng remains constant when the transitions betweek; and
E, and all other levels are ignored. For a strictly two-level system, the system
can be only in one of two states available to it.

3In making this comparison we ignore the spontaneous emission contribution.
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6.2.1 Steady-state inversion in 2-level system
In the steady-stated# N,,/dt = 0, the population equation (6.12b) leads to
# NZl =1 —O/Ql =1 1

Nog T %+ 251! 1 " 1+2%1/h1% 5,

We see that atomic inversion depends on beld strength via We note that
the quantity

#N %

h! . e
lsat = §°/g1 = one photon energy per cross-section per life time  (6.13)

has dimensions of intensity. This intensity, called the saturation intensity, sets
the scale for the beld intensity to alter the level populations signibcantly. In
terms of this intensity, the steady-state inversion can be written as

#Not _ | 1
N0 o 1+2(|/| sat)

The factor of two in the denominator is peculiar to two-level system and will
not appear later when we consider multi-level systems. The reason for this is
that in a two-level system, the transition of an atom from one state to another
changes the population di"erence by 2.

Two-level atomic inversion (6.14) is plotted in Fig. (6.4) as a function of peld
intensity I/l s5. Field intensities small or large compared tds,; do not alter
the inversion signibcantly, whereas the intensities comparable tg;; cause a
rapid variation in inversion. It is clear from the graph that it is not possible to
achieve inversion in the steady-state for a two-level system. In fact, for very
high intensities ( & ls5) we approach the limit #N = O corresponding to
equal level populationsN; = N».

The steady-state absorption coe$cient (1) = ! $# N, is given by

$12N0 — *0
1+2(1 o) 1+2(11 o)

where * = $Nj is the absorption coe$cient whenl = 0. This value of
absorption coe$cient is called the unsaturated absorption. As Peld strength
increases absorption decreases, approaching zero for very high intensitie& (
Isat- In other words, the medium becomes transparent for very strong Pelds.
This phenomenon is sometimes referred to as bleaching and is an example of
saturation behavior.

#N %

(6.14)

*(1) = (6.15)

6.2.2 Transient response

We have seen steady-state inversion is not possible in a two-level system. Let
us investigate if transient inversion is possible. Using the scaled variables

&= O/Q]_t, #N =# N21/N0, I/ sat — I
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FIGURE 6.4
Atomic inversion! N =1 N33/ Ng for a two-level system as a function of intensity.

we can write the population equation and its solution as

d# N
=1 + | .
=L A+20N 1 ) $ (6.16a)
1
_ (12 1)# 21 )#
#N =# Noe 7 © |1 (6.16b)

where #Ng is the initial value of atomic inversion. Figure (6.6) shows the
transient response of a two-level system if initially (at time = 0) an inversion

# N = 0.5 was created. It can be seen that as time increases atomic inversion

decreases and relaxes toward its steady-state value monotonically. This picture

changes somewhat when dynamical energy exchange between the beld and

atom is taken into account. In that case the approach to the steady-state can
be oscillatory but the conclusion that population inversion in the steady-state
remains unchanged.
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FIGURE 6.5
Absorption coe"cient for a two-level medium as a function of intensity.

6.3 Three and Four Level Inversion Schemes

Pump schemes for achieving inversion in a laser can be divided into three or
four level schemes as shown in Figs. (6.7) and (6.8). Ruby is the best known
example of a three level laser system. Other examples include Erbium based
lasers. Gas lasers such as He:Ne and Ar-ion and dye lasers are examples of
four level lasers.

The pump mechanism which supplies energy to excite atoms from the lower
pump level (level 1 in Fig. (6.7) and 0 in (6.8)) to the upper pump level
(level 3 in both Figs. (6.7) and (6.8)) varies greatly from one laser system to
another. For example, in Ruby or dye lasers the pump is the optical energy
from a Bash lamp or a pump laser, in a He:Ne laser it is the collision of excited
He atoms with Ne atoms in an electrical discharge, in semiconductor lasers
it is the electrical current, and in chemical lasers it is a chemical reaction.
Whatever its nature, the pump mechanism e"ectively induces transitions at a
rate W, between the lower and upper pump levels. In our discussion we will
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FIGURE 6.6
Transient response of two level inversion when initially a positive inversion is created.

consider an optical pump. Let us consider two pump schemes separately and
compare their them.

6.3.1 Three-level Pump Scheme

Various transition rates for a three-level pump scheme are shown in Figure
(6.7). These rates lead to the following equations for population densitieN (
is the number of atoms per unit volume that are in state)

dNj

S = We(Na!N )t 9%Ns, (6.17a)

dN,

Tz 0/@2N3! O/QNZI W(Nz'N 1), (617b)

% = Wy(N3 !N 1)+ %iNa+ %No+ W(N2 !N 1), (6.17¢)
N = N1+ N2+ N3. (617d)

HereW, = $;3! , is the transition rate induced by an optical pump of photon
RBux density !, between the lower and upper pump level&; and E; and



Laser Pump and Threshold 121

y | =
!32N3
Wle ¢ * Ez
WpN3 31N3 WN2
!2 N2 WN 1
' LoVl

FIGURE 6.7
Three-level scheme using an optical pump.

W = $! is the transition rate between lower and upper lasing level€; and
E, induced by the presence of laser photon 3ux density !. Each decay ralg,
in general, has a radiative contribution as well as a nonradiative contributidn

In writing these Egs. (6.17), we have assumed level 1 to be the ground state.
Therefore it does not decay to any other level. Equation (6.17d) assumes that
atomic decays to levels other than those shown in Fig. (6.7) are negligible so
that the sum of population densities equals the total density of active atoms.
We have also assumed that the levels are non-degenerate, and that no radiation
Peld is present at the 2 3 transition frequency. Finally, the rate Wp is not
necessarily induced by an optical beld. It could be one of many mechanisms
including collisions in an electrical discharge, an electric current, or a chemical
reaction, that can excite atoms from the ground state to the upper pump level.

In the steady-state, the population densities are independent of timeN'{L =
0 = N4, = N%). Then without saturation of the 2' 1 transition (W = 0), we
obtain the following equations for the population densities

0=1 Wy(Ns!N 3)! %Ns (6.18a)
0= 0/@2N3 ! O/QNZ (618b)
0= Wp(Ng 'N 1) + %N, + %1N3 (618C)

“Radiative decay is accompanied by the emission of a photon, whereas the nonradiative decay is
not.
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Solving these equations for the population densities in the steady-state we get

Na = Wp N. = %1rad Wp/%erad N, = %(VE Y1rad Wp/%2
STW,+t% T % W%+l T % % % W%+l
W,/% %> % %
PR, s Ry o R (6.18d)
W,/%; + 1 B % /82
N, = (VE 5= @%Mad Wp/O/021rad N, = 1Wp/0/021rad . (6.188)
% % % W% +1 W, /%; + 1
Using these in Eq.(6.17d) we Pnd
I 11}
' 1+ +),W /%
N =N;+ N+ Nz=N; 1+
1' 2 3 1 W, % + 1 )
_ 1+ +,W p/(yOerad + (1 + +)aWp/0/021rad
S W, /%; + 1,
1+ (1 +2 +)1Wp/0/(21rad
=N 6.18f
! W,/%; + 1 (6.180)
This gives usN; in terms of the total number densityN
I "
' W,/%; + 1
Ni= N pr7% (6.180)

1+ (1 +2 +):W p/(y021rad

Using Egs. (6.18e) and (6.18g) foN, and N4, unsaturated inversion density
[N2!N 1]unsat %0-N © for three-level pump scheme can be written as
I n

|
LA W% ! 1

- N 0) — M 1 1 Nl = 1
Wol% + 1  Wo/%; + 1
. (1! +),W p/(y021rad 1 (6 193)
1+(1+2+),W p/(yOerad ’ .
where C % % %
+= =, , = = . (6.19b)
%2 % %

From Eq. (6.19a) we see that to achieve population inversion, the pump rate
W, must exceed the value

%lrad

[\Np]min = m

(6.20)

The conditions favoring inversion are those that loweNy,]min . These condi-
tions from Eq. (6.20) are

,$1, +%$0. (6.21)
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Physical meaning of ! and "

, Is the product of two factors. The brst factor%,/%; is the ratio of the
spontaneous decay ratég, of level 3 into level 2 to its total spontaneous
decay rate%. The second factor is the radiative decay rat@pioq Of level

2 into level 1 to the total decay rate of level 2. Therefore, the fraction of
level 3 population that reaches level 2 and then ends up in level 1 by emitting
a photon at signal frequency. For optical pumpingW,N; is the number of
guanta absorbed from the pump per unit time. This is also the rate at which
atoms are pumped into level 3 since the absorption of each pump quantum
results in the transfer of one atom to the upper pump level. A fraction%,/%)

of these transitions end up in level 2 and of these a fractid¥,,.4/% decays
into level 1 by emitting a photon at signal frequency. Hence the rate at which
laser quanta are emitted iSW ,N;. The ratio of laser quanta emission rate to
pump quanta absorption rate is precisely. Thus, represents the e$ciency
(Ruorescent quantum e$ciency) with which pump quanta are being converted
to laser quanta. For an ideal system $ 1.

To see the meaning of+ let us consider the ideal case. In an ideal system,
level 3 decays predominantly to level 2 so that all pumped atoms reach the
upper laser level. In this caség = %, + %; $ %, and the parameter+ is the
ratio of the upper pump level lifetime to the upper laser level lifetime. Now,
from the expression for N © we see that to achieve inversior must be less
than unity and ideally + $ 0. This means the rate at which atoms arrive in
level 2 is fatser than the rate at which they leave.

In view of the preceding discussion, the conditions in (6.21) for an ideal
system mean that (i) level 3 must decay primarily to level 2 so that most of
the atoms pumped to level 3 end up in level 2 and (ii) level 2 must be longer
lived compared to level 3 so atoms can accumulate there.

6.3.2 Four-level Pump Scheme

Figure (6.8) shows various transition rates for a four-level pump scheme. These
rates lead to the following equations of motion for the population densities

% = 1 Wo(N3!N o) ! %Ng, (6.22a)
%: %,N3z! %N,! W(N,!N ), (6.22b)
% = %Nz + %N, ! %N+ W(N2IN 4), (6.22c)
0 = 08oNs + %N+ 96N, + Wo(NIN o). (6.220)

N = N;+ No+ N3+ Ny. (6.22€)

Here, once again, the last equation assumes that atomic decays to levels other
than those shown in Fig. (6.8) are negligible so that the sum of population
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FIGURE 6.8
Four-level scheme using an optical pump.

densities equals the density of active atoms. Level O is the ground state and
we have assumed the levels to be non-degenerate. We have also assumed that
no radiation Peld is present at 2 3 and 1 0 transitions.

Ignoring saturation (W = 0), we bnd that in the steady-state, the level
population densities satisfy

0="1Wu(N3!N o)! %Nj (6.23a)
0= 0/92N3 ! O/QNZ (623b)
0=9%:Ns+ %;N>! %N, (6.23c)

0 = %Nz + %oN>+ %N; + Wy(N3 !N o) (6.23d)
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Solving these equations for the population densities, we Pnd

N. = WP/O/03 — 02%20/91rad Wp/0/021rad
T W% +1 0T %, %% W%+l
% W p/0/021rad
= Wt 6.23e
% Wo/%; +1 ° ( )
N, = Y, _ % Wp/% _ Y62 Yorrad Wp/Yp1ra
T % T B W%+l % % W%+l °
W,/% %, %
= g Q1 o = % Qolrad (6.23f)
| Wo/% +1 % %,
% % % %% W /%
Ni= —2Np+ —2Ng = —=4 230 O el
%4 % N %%, Wplf%+1,
0 ‘o 04 0
- +,W p//021rad 0 4= @ N é@ (6.239)
Wp/%; + 1 % %%,
(1! +)7W p/0/021rad
N,IN ;= N 6.23h
2r Wol%+1  ° (6.23h)

Using these expressions we can expréég in terms of atomic number density
N as

N:N0|+N1+N2+N3 "
- NO. 1+ +7Wp/(y021rad + aWp/0/021rad + %,Wp/o/oﬂrad
( N Wp/%; + 1
0

T 14 (L ++ 2%%2), W oY

Using this in the expressions for the population densities, we Pnally obtain

the unsaturated inversion density for a four-level system

! n
(1! +)7Wp/0/(21rad

-NO® %[N, IN = N, (6.24
0[ 2 l]unsat 1+ (]_ + 4+ + 2%/(VQ32),W p/%?lrad ( a)
where
0/92 ,%1rad
_ % .24
= (6.240)
0% % %
Lo S, %% (6.24¢)

% %%

In an ideal system, the upper pump level decay ratég, to upper laser level
will be large compared with the upper laser level decay rat% (%, & % so
that

!
(1 ! +)1W p/(y021rad

-N©O©
$ 1+(1+ +),W,/[%;

(6.25)
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As in the three-level case, we note that is the e$ciency with which pump
photons are converted to laser photons. The brst factor inis the fraction of
atoms pumped into level 3 that relax to the upper laser level and the second
factor is the fraction of atoms in level 2 that decay radiatively into level 1.

The parameter+ is the relaxation ratio. In an ideal system level 3 decays
primarily to the upper laser level 2 08, ) %) and the upper laser level
primarily to the lower laser level 1 so that+ $ %/%, is essentially the ratio of
the lower and upper lasing level lifetimes.

1 _
I 4-level inversion
05|
I 3-level inversion
Z L
S |
=z 0
05
1 \ \ \ |
0 1 2 3 4
Wp/#2 or " Wp/#21
FIGURE 6.9

Three and four-level inversion as a function of normalized pump"W p/# 21ra4 OF
IIWp/#21rad

Equation (6.24a) shows that in a four-level system, the inversion on the laser
transition 2 # 1 is easily achieved for any nonzend/, as long as+ < 1. The
conditions favoring inversion are again

 $1, +$0 (6.21%)
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Under these conditions unsaturated inversion is given by

N W,/%,

#NO = P72
1+ Wp/%l

(6.26)

These conditions mean to have good inversion (i) the#8 1 relaxation is very
fast and almost entirely to level 2, but the upper level 2 has compratively long
lifetime so that its population can buildup, and (ii) atoms should relax out of
the lower laser level much faster than the atom relax into level 2 from above.

6.3.3 Three vs four-level systems

We have seen that population inversion can be achieved using either three or
four level pump schemes. Which schemes is to be used depends on the laser
system.

A comparison of the three and four-level pump schemes reveals that its is
easier to achieve inversion in a four-level scheme where any amount of pumping
can produce inversion as long as the upper laser level is longer lived than the
lower laser level ¢ < 1). In contrast, in the three-level scheme the pump
must exceed the minimum given by Eqg. (6.20) to achieve inversion. This
di"erence between the two schemes can be traced to the fact that in the three
level scheme the lower level is shared both by the pump and laser transitions.
Since all the atoms are normally in the lowest level 1, at least half of them must
be pumped out from level to to higher levels in order to achieve population
inversion between levels 2 and 1.

6.3.4 Effective two-level pump schemes

Under certain conditions four-level pump scheme can be reduced to an e"ectve
two-level pump scheme. We consider two cases which lead to two qualitatively
di"erent saturation behavior.

CASEIL: #3 & W, & #

The condition % & W, & % implies a bottleneck at level 2. This means
that pumping is so strong that it pumps an atom from level O to level 3 as
soon as it decays to level 0, and once the atom is in level 3, it decays almost
instaneously to the lower levels. We can then solve for the equilibrium values
of N3 and Ng

W,
N;= —FP Ng, 6.27
3 Wp+°/9|0 ) (6.27)
W. + % % %
Ng= " 78 2 2 (6.28)

1+ o—— N2
W, %> + %: %> + %:
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Substituting these into the equations of motion folN; and N, we obtain

% L& .
Mo _ g, W Vo % AN+ N, (629)
dt W, + % W, %2 + %1 %2 + %1 '
I %N,! W(N.!N ;)
%% % %: %o
= 272 N o 14— 0 N W(NLIN ),
%2+ %1 Lo %. + %1 %: ? (N2 1)
= %,N1! % No! W(N2!N 1) (6.30)
dN
d_tl: l Of,Ny+ %N, + W(N,IN o) (6.31)

Note that we still have N; + N, = N. From the form of these equations we
see that, e"ectively, the atoms are being pumped directly from level 1 to level
2 at a rate %, = %%:/ (% + %;).

The pump term appears independent ofV, but only because of the as-
sumption W, & %. Solving these equation in the steady-state we Pnd
N2!N ; %-N

_N = %! % _ (%! %) (%t %) _ -N©
%, + %, +2W 1+2W/ (%, + %) 1+2W/ (%, + %)
(6.32)
Note that the factor of 2 in the saturation term which is typical of a two-level
system.

Case II: N3,N2,N1)N 0

If the population of the ground level 0 remains essentially unchanged so that
N3,N>,N; ) N o, and level 3 decays almost instantaneously to level 2, we
Pnd

W W,Ng R
N3 = P P %L, W,) %. 6.33
3 Wp+ % 0 % 0 % p) 9 ( )
Equations of motion forN; and N, then become
dN, _ %W,
ot % No! %N,! W(N,!N ;)
%R,! %N,! W(N,!N ;), (6.34)
0,
ANy %Wo 4 0N, 1 6Ny + W(NLIN o),
dt %
0%
%R+ % N,! %N;+ W(N,!N ) Ry = O/ERZ (6.35)
92
If %;,) %o, the pumping term for N; can be ignored.
In the steady-state we obtain
% &% & % &

W+% W Ny _ Ry
(W + %) W+ % N; Ry
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Solving these eqol}ati%?s we obt%in 2% &
0 0

6
N, 1 W+% W R,
Ni ~ detM W+ % W+% R;

where
detM = (W + %)(W + %) ! W(W + %;) = %%+ W(% + %o)
The inversion is then, usingR; = %Rz,

_ Ra(%! %1)! Ri% _ (%1ad/%)(R2/ Y0152 ) (1! +)

NoIN ;= =
27017 %%+ W(% + %o0) 1+ W/ %
— ’(1! +)(R2/(y021rad)
1+ W/ %t
where
_ 0/erad
T o (6.36a)
%: %% . %

+= <=+ ——% —, for% % 6.36b
% %% % or %) % ( )

%
Yoerr = - %, for%o) % (6.36¢)

1+ (%o0/%) $
Note that for | = 0 we recover the unsaturated result for a four level system.
This equation indicates that population inversion is a nonlinear function of
Peld intensity and as the signal intensity increases, the inversion decreases.
Because of this intensity dependence of inversion, both absorption and gain
are nonlinear functions of beld intensity.

Once we are able to obtain inversion, we can write down the expression for
gain.

6.4 Gain Saturation

Using the expression foWW = $(!)I/h! , we can write the inversion as
-N©O© -N©O©

"N = 1+ ($(!)/N!% et ) T 1+l sat(!)

where the unsaturated inversion N @ and saturation intensity | ¢, are given
by

(6.37)

R2 ﬁ:o &

-N@ = @r + ,
( )O/erad 0/9

(6.38)

! %pess
$(1)

lsat(!) = (6.39)
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This epression for the saturation intensity says that the saturation intensity
corresponds to one photon energyh() incident per transition cross-section
($) per lifetime (1/%ess ) Of the transition. When the signal intensity equals
| sat iINversion falls to half of its unsaturated value. Saturation intensity is thus
a charactersitic intensity that determines the degree of gain saturation with
signal intensity. For a given signal intensity, gain saturation is stronger for
small saturation intensities than it is for higher saturation intensities.

Using the expression for atomic inversion, we can write the gain coe$cient
g(')=$()- N as

$HFNO _ go(t)

)= = 6.40
9= T )~ 1+ 1 wl) (6.40)
where , -
. %1rad' N
1) = 1)- © = :0 |
%0(')=3$(")- N a/n 2 S(1) (6.41)
is the unsaturated gain. Unsaturated gain is also referred to as the small
signal gain.

From Eq.(6.40), we see that the presence of a signal of intensltyreduces
the gain below its unsaturated valuegy(!). This reduction of gain due to
signal intensity is referred to as gain saturation. Reduction of gain below
its unsaturated value, when a signal of intensity is applied, is not uniform
with frequency because the saturation intensity depends on frequency. The
smallest value of saturation intensity occurs at line center, where its value is

lsat(lo) %01s = OIQeff - CBett 20n y
(o) -0 . 0%2rad 2
_ hc%esr 8/ 3n%-!
' S%Zrad

In terms of |5, the saturation intensity at an 0" line center frequency! can
be written as

(6.42)

o (
N /2(! ! !0)&2

S(o) _ | (1! Lo)2+ (- /2
°S()y T (2P = s T

lsat(!) = |

(6.43)
This expression indicates that the saturation intensity 0" line center is larger
than it is at line center and this means a given intensity signal will saturate
gain more strongly at line center than o" line center. The largest reduction
in gain occurs at the line center where

g(| ): gO(!O) — -(%O/erad'N ©
T T Mz A+ )

Overall frequency dependence of saturated gain is determined by both the
frequency dependence of atomic line shape functi&(! ) and the frequency

(6.44)
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FIGURE 6.10
Saturated gain curve is lower and broader than the unsaturated gain curve.

dependence of the saturation behavior in Eq.(6.40). With the help of Egs.
(6.40) and (6.42), the explicit frequency dependence of the saturated gain
coe$cient can be written as

g(!) = %(t0)SC)/S(to) _ %(! o)
' 1+ISU)S(e)  1+2(HT o) )2+ 1
_ %('o) 1
T 12N 1) )2 (6.45)
where #! is the power broadened linewidth given by
V= ) TR (6.46)

wherego(! o) is the unsaturated gain at the line center.

Saturated gain curveg(!) for a homogeneously broadened atomic line is
plotted in Fig. (6.10) for several di"erent values of signal intensity. The satu-
rated gain curveg(! ) is still a lorentzian but it is broader than the unsaturated
gain curve go(! ). The width (FWHM) of the gain curve -! , increases with
signal intensity. This broadening of the gain curve due to the saturation of
atomic inversion is called power broadening.

6.4.0.1 Gain saturation of an ingomogeneous line

So far, in writing g(' ) we have assumed that all atoms have the same broad-
ening. Our considerations therefore apply to a homogeneously broadened gain
medium. If atomic resonance frequencies are distributed according to, say, a
gaussian, gain saturation has a di"erent beahavior. We shall illustrate this by
considering two limiting cases.



132 Laser Physics

Assume that atoms are subjected to both homgeneous and inhomogeneous
broadening. Let the atomic resonance frequencies be distributed according to

1*4In2 P15 (
G(la) = - —exp | e % 4In2 (6.47)
Then the overall gain coe$cient will be
Ts 2 ©)
. /erad'! -N 1
1) = I I 0 H
a(*) ) dlaG(!a) 16 2n? (Lol D)2+ (-1 1221+ 1/ )
—+
20 - (0) $ | y?
8/ 2n? - / s (X Y2+ RA+ )
where .
21,1 1) In2
y= 2o - o) _In (6.48b)
" Dx
2(1o! 1) In2
X = (O_I ) In (6.48¢)
-1

If homogeneous broadening is dominant the lorentzian is broad compared to
the gaussian. Then so long as we are not in the far wing limit we can factor out
the lorentzian by evaluating it at the peak § = 0). The resulting expression
for gain is given by Eq.(6.40).

If Doppler broadening dominate)s (the gaussian is broader than the power
broadened lorentzian;! | ) -! ,° 1+ 1/l ;) and we are not in the far wing
limit ( x is small) we can evaluate the gaussian near the pegk= ! x of the
lorentzian and factor it out of the integral. Then we are led to the following
expression for gain in the strong inhomogeneous broadening limit

20, N © 1*m By & (
- 07Bgrad” N~ NCexp ! % 4in2
8n2 1+ ¢, 1 -1
)

=y ) (6.49)
T+10

g(t) =

wheregy(! ) is the unsaturated gain given by
 3%a0- N©@ 1 Tanz % 1,52 (
8/n 2 -l / S 4In2 (6.50)

D

%(!) =

Comparing this to a homogeneously broadened line, we note that in the inho-
mogeneous case saturation of gain is independent of frequehand it sets in



Laser Pump and Threshold 133

at a slower rate than for a homogeneous line. In this extreme Doppler broad-
ening limit power broadening does not show up in the overall gain proble. It
is nevertheless present for a particular velocity group whose frequency is close
to the frequency of the applied peld.

6.5 Saturation Spectrsocopy

Another manifestation of the di"erence in the saturation behavior of homoge-
neous and inghomogeneous lines is in saturation spectroscopy. The main idea
here is that a strong signal interacting with a collection of atoms modibes the
gain (or loss) seen by a second weaker beam. The nature of this modibcation
depends on the nature of broadening and the frequency of the weaker beam
relative to the frequency of the stronger beam. It has important implications
for multimode laser oscillation.

Consider a group of atoms with resonance frequencies in the ranbg [ 5 +
d!',]. These atoms are a fractiorG(! ;)d!; of the total number of atoms per
unit volume. Then the gain coe$cientg(! ) for a weak Peld at frequency in
the presence of a strong ( saturating ) Peld at frequendy can be written

2
. 0/erad

8/n 2

g(! ) = $d! aG(! a)S(! a ! )' N (! s)a (6-51)
0

where - N (!s) is the inversion produced essentially by the strong Peld at
frequency!s. This is reasonable since the beld at frequenty is assumed to
be much stronger than the probe at frequency. The inversion is given by

-NO S NO[ )2+ (L /2)7
T+ su(ls)  (Ta! 1e)2+ (-1 I22@+ 1N )

-N(ly) = (6.52)
wherel is the intensity of the strong Peld and s is the peak saturation inten-
sity given by

!
4/ 2n2-1 . hC%es 8/ 3n2-!

' = ¥ o%er - §%1rad - §%1rad H (6427
Substituting this in the expression forg(! ) we obtain
o) = s NO ? 2 inz" ,_ e
8/n 2 132 -1 (x+y)2+ 17,
. (xs+ y)°+ bF (6.53)

(Xs +y)2+ P+ 11 )
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where the scaled variables are debned by

y=lo! o) ‘jl! ') in2 (6.54a)
" D

X = ('_0! !)2* In2 (6.54b)
D

Xg = M2 In2 (6.54c)

b= 2'1 H 2* In2 (6.54d)

D

In Eq. (6.53) we have again extended the loweer limit tb+ because the
integrand is vanisgingly small well before the lower limit !o/-! _ is reached.

6.5.1 Spectral Holes in inhomogeneous gain profile

In the extreme Doppler limitb << 1[-! ) -! _, Eq.(6.54d)] the gaussian is
much broader than either of the two lorentzians. Moreover, because of power
broadening of the second lorentzian, the Prst Lorenzian is the narrowest of
the two. It is centered aty = ! x so that we can approximately evaluate the
integral as

. 2O/erad' N © (Xs ! X)2 + b7
1) = |
g( ) 8/n 2 G( ) I(XS I X)Z + bZ(l + |/l S) .
_'Z%erad' N(o) (I) (! ! !S)2+('! H)2
B 8/n 2 (U T2 H (- 22+ I )
' (112 +(- L)
= |
%) Gz (o T2 1 (6.55)
wheregy(!) is the unsaturated gain at frequency
. 2(yglrad' N ©
1) = |
a(!) a/n 2 G(1). (6.56)
If probe beam frequency is far from the frequency! s of the saturating beam
[(PY 1) & -1 ] the factor inside square brackets is essentially unity. This

means that small signal gain remains unchanged far from the frequency of the
strong saturating beam. For probe beam frequencies in the neighborhood of
this factor is less than unity so that the gain curve has a dip (hole) centered at
I = I's [See Fig. 6.11]. This phenomena is known as (spectral) hole burning.
What is the width of this hole? We note that the depth of the hole is
determined by the intensity | of the saturating beam relative to the peak
saturation intensity |s. For strong saturation| & Ig, the width of the whole
is, approximately, )
L ohoe$ -, 1+ (6.57)
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ah)

FIGURE 6.11

Saturated gain as a function of the frequency as measured by a weak probe beam
in the presence of a strong saturating beam of frequenc$s in an inhomogenously
broadened medium.

Unlike in an homogeneous gain medium, in an inhomogeneously broadened
gain medium a strong signal a"ects gain only in a small neighborhood centered
at its frequency!s.

Spectral hole-burning has important consequences for multimode operation
of lasers with an inhomogeneously broadened gain medium, where several
modes can oscillate simultaneously because each mode saturates gain only in
a small neighborhood centered at its frequency. It also helps us understand
an unexpected aspect of single-mode standing wave gas lasers. If we tune the
frequency of a single-mode standing wave cavity across the Doppler broadened
gain proble, the power output as a function of laser frequency shows a narrow
dip when the cavity frequency coincides with the center of gain proble. This
dip is known as Lamb dip. We can consider the beld inside a standing wave
laser as a superposition of two traveling waves running in opposite directions
+z. Then the +z traveling-wave will interact with a group of atoms with
velocity v/ic = (!,! !)/' , while the ! z traveling-wave will interact with a
group of atoms with velocityv/ic = ! (!,! !)/' ,. When the cavity frequency
is su$ciently detuned from the line center, two holes are burned in the gain
proble, which are located symmetrically about the line center at, + #!,
where #! %!,! ! is the detuning of mode frequency from the line center. As
the detuning is reduced to zero, the two holes merge and both traveling wave
components interact with the same set of atoms correspondingyo= 0. Thus
whereas o0"-resonance the laser sees gain from two di"erent groups of atoms,
at line center it sees gain from a single group of atoms. Hence as the detuning
is reduced to zero, the laser power output increases Prst but as the holes begin
to overlap, it drops reaching a relative minimum at line center. Thus there is a
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slight but debnite dip in laser power output at line center. This output power
dip in a single-mode standing wave gas laser is knownlasnb dip. The center

of the Lamb dip serves to mark the exact center of the atomic transition and
can be used as a reference in frequency stabilized lasers. In addition the width
of the dip provides a way of measuring homogeneous linewidth of an atomic
transition even in the presence of strong inhomogeneous broadening.

1. W. E. Lamb, Jr., OTheory of an optical maser,0 Phys. Re®34, 1429
(1964).

2. R. A. Mcfarlane, W. R. Bennett, Jr., and W. E. Lambd, Jr., OSingle
mode tuning dip in the power output of an He-Ne optical maser,O Appl.
Phys. Let. 2, 189 (1963).

6.5.2 Homogeneously Broadened Gain Profile

For strong homogeneoeus broadening ,, & -! | [b& 1]. Moreover because
of power broadening the second lorentzian is broader than the brst. We can
then approximately evaluate the integral in Eq.(6.53) by factoring out the
gaussian and the second lorentzian, both evaluated at the peak of the brst
lorentzian aty = ! x. We then obtain

*
- +
20 N © I x)2 $
PP SULER U I ST S W S

ginz T (X! X2+ BLHIN )T g (X+ Y2+
_ 0% NOb 4In2, . (x! x)°+ B
_ 2%- NO 4|n2e! (01 10)? (Ys! 1o)2+(-! 127

gnz I, (el 102 (1 T2PA+ 1N )

' Pl 19)2+ (-1 2

(Is! 1o)2+ (-l J22(1+ Il 4)

The e"ect of the presence of a strong Peld on the gain proble of a weak signal
is contained in the factor inside square brackets. Note that this factor is in-
dependent of probe frequency. This hehavior is in contrast to Eq.(6.56) for a
strongly Doppler broadened medium where the factor multiplyingy, depends

on the probe frequency relative to the saturating Peld frequency. Hence for a
homgeneously broadened lingy(! ) has the same frequency dependence as the
unsaturated gaingy(! ) but it is modiPed (reduced) everywhere by the factor
inside the square brackets. This is in contrats to behavior of an inhomoge-
nously broadened line. Thus the presence of a strong Peld at frequengy
reduces gain at all frequencies if the line is homogeneously broadened. The
factor by which the gain is reduced, of course, depends on the frequency of
the saturating Peld relative to line center.
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FIGURE 6.12

A laser is an oscillator formed by a gain medium surrounded by mirrors to provide
optical feedback.

It should be kept in mind that in all of our considerations, we had assumed
that the ! or ! were not far from line center relative to-! Far in the
wings, all lines have predominantly homogenous character.

H*

6.6 Threshold Condition

An ampliber with feedback is an oscillator where, provided certain conditions
are met, nonzero Peld intensity can be sustained without any input belds.
Thus, strictly speaking, a laser should be called a loser but it is inappropriate
to call a winner a loser. So we will continue to use the term laser for a light
oscillator.

In a laser, amplibcation or gain is provided by stimulated emission by the
gain medium and optical feedback is arranged by placing mirrors around the
gain medium so as to provide a closed optical path [see Fig. (6.12)]. Light
emitted by the gain medium in directions close to the axis is thus trapped
bewteen the mirrors and bounces back and forth between them making multi-
ple passes through the gain medium. With each passage through the medium
the intensity of light will grow because of gain due to stimulated emission.
The intensity will also decrease due to absorption and scattering inside the
medium and, if the mirrors are partially transmitting, transmission through
the mirrors. In order to raech a steady-state with nonzero intensity (oscilla-
tion) the gain due to stimulated emssion must be su$cient to overcome these
losses. This sets a lower limit org(! ) below which laser oscillation cannot
occur. This value of gain is called threshold gain. An expression for threshold
gain can be derives as follows.
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We consider only the steady-state, continuous wave (cw) operation. Near
threshold the intracavity Peld intensity is small so that the gain can be replaced
by unsaturated gain. Then, for a standing wave cavity, the beld inside the
cavity can be described in terms of the intensities of the left and right traveling
waves

d, _ i}
ddz =(g! *)l., (6.59)
%:! (©! "), (6.60)

where |, is the intensity of the wave traveling to the right and1, is the
intensity of the wave traveling to the left. Assuming that the gain blls the
entire cavity, we can integrate these equations from = 0 to z for I, and
z=L to zforl, and obtain

1. (2) = I, (0)el%! %2 (6.61a)
I, (2) = 1, (L)% AL 2) (6.61b)

The right-traveling wave is re3ected by mirror 1 atz = L to give rise to the
left-traveling wave. Similarly the left-traveling wave is ref3ected by mirror 2
to produce the right-traveling wave. The intensities of the two waves a = 0
and z = L are related by the boundary conditions

1. (0) = R4l (0) (6.62a)
I, (L) = Ryl (L) (6.62b)

Using Egs. (6.61) and (6.62b) in Eq. (6.62a), we bnd that, (0), the intensity
of the right traveling wave atz = 0 after one pass, is related to its valué.q (0)
the same point initially, by

1.1(0) = Raly (0) = R1e%" 1) (L) = Ry ® MR 4,4 (0)
= R;1R €@ WL (0)

Such a relation can be established for any starting poirztin the cavity. If the
factor R,R,e?%! AL < 1, the steady-state intensity is zero because with each
pass the initial intensity is multiplied by a number smaller than 1. In this case
no oscillation can occur and the oscillator is said to be below threshold. If
R1R,eX%! AL > 1 oscillations can build up and the laser is said to be above
threshold. The threshold of laser oscillations is then debPned by

R,R,e?%! At =1 (6.63)

This equation means that the round trip gaine?®- balances the round trip
loss % N(R1R2)  Thys the minimum value gy must have before oscillation
can buildup is given by

2gnL =2*L | INRR,. (6.64)
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If the gain medium doesnOt bll the whole space between the mirrors but only
a segment of lengthd,,, the above formula is modibed to

On = ﬁ[Z*L I InR;R,] (6.65)

For high reRectivity mirrors, INR1R, =In(1 !'T )(1!T ) $! (T, + T,), so
that threshold gain is

= — + + 0, T o
Oth 20, [2L + T1 + T,] % 20, ) 2,

This condition on unsaturated gain implies that inversion must have a mini-
mum value before laser action can occur. Recallling that

(6.66)

%w(!) = - 6%a S(1)- N© (6.41)
8/n 2 ’
we bPnd that the minimum inversion to reach threshold is given by
2
CNp= e Lo 1 (6.67)

20m . 3%u1aaS(!) 20 $(1)

To minimize threshold inversion we look for narrow linewidth, strong radiative
decay on laser transition, long wavelength, low cavity losses and long gain
length.

Threshold gain and inversion in He:Ne laser : 4-level laser system

Consider a two mirror cavity employing a high rel3ectorR; = 99.8%) and
an output coupler R, = 98.0%) and the gain medium Plling the entire cavity
length @, = L =50 cm). The gain medium is an electrical discharge in a 7:1
mixture of He:Ne with Neon partial pressureRye = 0.3 torr) and temperature
T =300 K.

Under these conditions the gain is predominantly Doppler broadened with
1/S (1) =1.5" 1¢° Hz. Radiative decay rate of the upper level for the = 633
nm transition is %;aq = 1.4" 10° s 1. Takingn $ 1 and lossed.; $ 0 and
L, $T,+ T, =2.2%, we obtain

_ 0022 8 " 15" 1(P
T 2" 50°(0.633" 10 42" 14" 10F

This may seem like a large number of atoms but it is a small fraction of the
total number of Ne atoms

- Ny, cm 3=1.6" 1Pcm 3.

0.3
—_ n 8 13 — n 5 13
N =9.66" 10 300 9.66" 10%cm 3.
Thus only a fraction
- N

=1.7" 10 7,
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or one out of every ten million atoms needs to be inverted to reach threshold.
This inversion corresponds to a gain coe$cient of

_ 0022
~ 2" 50
and threshold gain, in decibels (db), of

G (db) =4.34" g0y =4.34" 22" 10 *" 50 = 0.048.

O cm 1=2.2" 10 *cm' ®.

Threshold gain and inversion in Ruby laser : A 3-level laser system

Naturally occuring Ruby is a crystal of AIO3; (corundum) in which some of
the AP* ions have been replaced by €rions. For laser applications artibcial
crystals grown from a molten mixture of AlO; with a small percentage of
Cr,0;3 (0.05% by weight corresponding td.6" 10 cm' 3) are used. The
colorless crystal formed without the addition of GO is known as sapphire.
The active species are Gt ions as impurities in a sapphire host crystalr( =
1.77).

At room temperature (300 K), the. =694 nm laser transition is predomi-
nantly homogeneously broadened (phonon broadening) with , = 330 GHz.
The upper level radiative lifetime is%,y = 3 ms. For standing wave cav-
ity with a 5 cm long Ruby rod, absorption losses of; = 0.03, and mirror
relBectances oR; $ 1, R, =0.96, we bnd

Lo 82/t _ 0078 (L77P" /" 33" 104
20n . 2%y 2 X 5(0.694" 10 42" 333" 2
=1.8" 10cm @

- Nipp =

This is much larger than that for the He:Ne laser and is a signibcant fraction
of the total Cr3* ion concentration 16" 10% ion/cm3. The reason for this
di"erence is that the He:Ne laser has much larger stimulated emission cross-
section which results from a larger radiative decay to the lower laser level and
narrower linewidth compared to the Ruby laser.

6.6.1 Laser power output

Once the gain exceeds threshold value, oscillations can be sustained. In this
case we cannot ignore saturation. The equations for a standing wave cavity
then become

do:z+ = (g! ")l (6.68a)
NG (6.68b)

If the end mirror rel3ectivities are close to unity (high-Q cavity),l. (z) and
I, (z) remain nearly constant along the length of the cavity. We can then use
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the approximation

in the gain coe$cient. Since bothl. and |, will conribute to saturation we
can write the gain coe$cient as

_ Jo _ o
LAl I ) s 1421 o (6.70)

g

and treat it approximately a constant. Using this in Egs. (6.68) and integrat-
ing them bewteenz =0 to z = L we obtain

I+ (L)
()
1 (0) _
L)
These di"er from Eqgs. (6.61) only in that unsaturated inversiorng, has been

replaced by saturated inversiong. Adding these and using the boundary
conditions (6.62) we obatin

L (L)1 (0) _ \
"L 2%

I NR1R,=2(g0y! *L) (6.72)

In

=(g! *)L (6.71a)

In g! *)L (6.71b)

Applying this to a homogeneously broadened line we obtain
2000
1 + 2| C/I sat

The quantity on the left hand side of this equation is simply the total cavity
loss

2L 1 InR4R, = (6.73)

Le= L +Lq
L, =25
L = ! InR,R, BT+ T,

As written, Eq. (6.73) say that in the steady-state saturated laser gain is
clamped at its threshold valuel .. The laser will adjust its intensity such that
its round trip gain just compensates for the losses it encounters in one round
trip. Solving Eq. (6.73) for the circulating intensity | . we obtain

I %Zgoqﬂ & I %Zgoom & I
.= & | = _sa 11 = (11 6.74
°T 2 L. 2 2000y p v .6
wherer is the pump parameter given by
0
r= S #NT (6.75)

gn  #Np
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In terms of r the laser threshold is atr = 1. Pump ratio r characterizes the
pump relative to threshold. The circulating intensity depends linearly orr
and since laser intensity cannot be a negative quantity, must exceed 1.

Once the circulating intensity is known, the output from the laser is written
simply as the intensity transmitted through the mirrors

%

_ _ < lsat 2goom|
|O_LT|C_T7 T+LI

(6.76)

The dependence of output intensity on transmission is not linear. We can
expect an increase in the output as transmission increases but as transmis-
sion increase overall cavity losses and therefore the minimum gain needed to
reach threshold also increases. This increased threshold gain lowers the pump
parameter and therfore the output. Hence, for a given gainggd,, there must
be an optimum output coupling for maximizing laser output [See Fig. (6.13)].
This optimum can be found from Eq. (6.76) by di"erentiatingl, with respect
toT

2|0/|53.t

FIGURE 6.13
Laser output intensity as a function of output coupling for Pxed gain 230%, = 10%
and internal lossesL; = 2%.
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% &
%:o: lsat 2000 11 1T lsat  2000m
dT 2 Li+T 2 (Li+T)?
_ I sat J ) ' 2 -
O—m 2000, (Li + T)! (Li + T)!'T 2090y
_ I sat J o _ 2"

Solving for optimum output coupling we bPnd
)
Topt = 2000nLi 'L (6.77)

Rewriting this as

)
I—i + Topt = 2gOOmI—i
and using the result in Eq. (6.76) the optimum output from the laser is given
b
’ ) = ) 2
[l o]opt = 7 2900 ! Li (6.78)

Exercise 1: How does the pump parameter vary with frequency for (i) a homo-
geneously broadened gain line, (ii) inhomogeneously broadened gain medium?

_ %(!0) 1
Homogeneous  r = o T+20 1 To)/#1 )7
_ ro
T2 L) #! )2
(1) %I 11 &, (
Inhomogeneous r= ¥ %exn 1 0 42
Oth #!D
%, & (
= roexp ! '#'!D'O 4In2

wherery = go(! 0)/g1 is the pump parameter at the line center.
Exercise 2. Find the output intensity for a single mode unidirectional ring
laser.

From ")
Q(')0n _ , _
140, L FT =G
we obtain % &
=1l. 201 =11 1)

Oth



144 Laser Physics

Exercise 3: For an inhomogeneous line saturated gain is given by

o) =y 2
1+1/ ¢

where go(! ) is unsaturated gain. Find the output intensity from the laser as
a function of laser pump parameter for an ingomogeneously broadened gain
medium.

Assuming a standing wave cavity, the output as a function of laser pump
parameterr is

lo= IES(rZ! 1) (6.79)

6.7 Operating Frequency

Presence of gain (and loss) also modibes the operating frequency of the laser.
Consider a cavity of lengthL Plled with a medium of refractive indexn and a
gain medium of lengthQ,. Then the operating frequency of the laselr, (p! th
mode) is determined by the resonance condition

! *

anlt )ai(tp) _
c L! Q,+ O, 1+T =2pl/ (6.80)

This condition is equivalent to saying that after one round trip around the
cavity, the accumulated phase changek2 must equal an integer multiple of
2/ . The condition for laser frequency then becomes
! *
On , On ) at(!p) pc 0
T+ o1+ = %! O 81
L L n2 onL P (6.81)

1, 1!

In general, this leads to a complicated equation for the operating frequency of
the laser, which must be solved numerically or graphically. We can, however,
gain some insight into the change that gain brings about in the operating
frequency of the laser without going through a complicated analysis if we use
the fact that for most lasers) ,, is small compared with unity. Then we can
use binomial expansion for the quantity under the radical in Eq.(6.81). The
laser frequency equation becomes

e ) = (6.82)
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This relation can be rewritten by using the relation between the real and
imaginary parts of the atomic susceptibility

! 2(1p! !)" g(!)nc

Cooe 200 DY e,
)at(!)_ ﬁ) at(! =1 ol ot 2/l ’
0 «l) _, 2 )
1y=1 =1
gt) =1 = ¢ b
where-! 5 (FWHM) is given by
0
L homogeneously broadened gain
taz ") = inhomogneously broadened gai (6-83)
R g y broadened gain
Substituting this in the frequency equation we obtain
! % & "
IRETRRRCAEL I Gl RN (6.84)

This equation can be manipulated in several di"erent ways. For most lasers
gain per pass 8Q, is small being of the order of a few percent. In such cases

the operating frequency is close to the bare cavity frequen¢)&°). Replacing

'y by !éo) in the gain coe$cient, we bnd the operating frequency of the laser

is given by

1 2
(0) ) ©)
L Py g104 'otte cdip )G
P 11 Lot calp)m P - 2/nL
. 'l

Do 2ant 0L

(6.85)

Subtracting both sides of this equation from line center frequendy, we can
express the separation of the operating frequency from the line centgr! !,
in terms of the separation of empty cavity frequency from line centéry! ! F(,o)

and gain as .

(
— 0) Cg(!l(ao))Qn
ol 1p=(lo! 1Y) 11 SE5m (6.86)

We note that the factor inside square brackets on the right hand side of this
equation is less than unity for gain § > 0) and greater than unity for ab-
soprtion (g < 0). Then this equation says that if a bare cavity modd
experiences gain its operating frequendy (dressed cavity frequency) is closer
to the atomic frequency than the bare cavity mode frequency. This phenomena
is known as frequency pulling [Fig. 6.14a].

On the other hand, if the cavity mode experiences absorptiorg(< 0),
the operating frequency (dressed cavity frequency) of a mode experiencing
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FIGURE 6.14
cavity frequency (a) pulling in the presence of gain ¢ > 0) and (b) pushing in the
presence of absorption g < 0).

absorption is farther from the atomic frequency than its bare cavity frequency.
This phenomena is known as frequency pushing [Fig. 6.14b].

For a laser operating above thresholdg(> g ), Eq. (6.84) can be cast in a
di"erent form. In the steady-state the saturated gain of the laser is clamped
at its threshold value

“cle 2nL 12nL

2
onL ¢ & c

200h =20n0n = L= =2/ " c '

where-! . is the FWHM for the cavity transmission proble. Using this in the
frequency equation and assuming that the gain medium Plls the whole cavity
(G, = L), we obtain
' n
' (Yol 1y ! a
1, 1! '—p_l—c =10, (6.87)

p - at

This equation can be rewritten as

©)
| = !p -! at+!0'! c
.p_
- at+'! c

(6.88)

In terms of Q-factors for the atomic transition and the cavity
Qa = Lol a, Qc=!1QK ¢, (6.89)
we can write the cavity operating frequency , as
L 1PQc+ 10Qa
P Qc *+ Qat

According to this equation the dressed cavity frequency is the weighted average

of bare cavity frequency! r(,o) and atomic frequency ,. It lies bewteen! r(,o) and

(6.90)

®Strictly speaking, such a relation holds for a homogeneously broadened gain line. We are assuming
here that a similar relation holds for an inhomogeneous line.
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I, being closer to whichever frequency has larg@rassociated with it. Usually
Qa ) Qc so that the operating frequency is given approximately by

-1
18 1O+ (15! !g)))%:!gou(!o! 10y < (6.91)

c - at
in agreement with Eqg. (6.85).

Estimates of frequency pulling

For a He:Ne laser with threshold gain ofy, = 0.001 cm?, -I _ = 1500,
. =633 nm, n = 1, the gain medium Plling the whole cavity 0, = L) and

recalling *
°” 2In’ a7 7P 42
we obtain i .
4. _gc  4In2_ 103" (3.00" 10, 4In2
dg 2nt /2" 15" 10 /

=3.0" 103=0.3%

Thus the corrections are only about 0.3% of the di"erencpy! ! ,5,0)|.
For the . =3.39um transition with -! | =280 MH and g=0.03 cn *, we
obtain

. 3" 102" (3.00" 10 , 4In2
T 2/ " 28" 108 /

D

=0.48 =48%

In this case the correction is substantial being approximately 48% of the dif-
ference|!g! ! r()o)|.

Finally, for a high gain laser such as a He:Xe laser operating at= 3.51um,
-l =100 MHz, g=0.5 cm ! we obtain

1. 05" (3.00" 10 , 4In2
T 2/ " 108 /

D

For such large ratios, cavity mode structure is greatly perturbed and the
perturbative analysis presented here cannot be applied. We then have to go
back to Eq. (6.84) to determine the mode structure.

Both strongly absorbing and amplifying media change the cavity mode struc-
ture and novel e"ects can arise. For example, it can happen that several
frequencies corresponding to a single wavelength can exist in the cavity. In
such cases analysis is further complicated by spectral hole burning and mode
competition e"ects.

See, for example Longitudinal modes in a high gain lasgiLee Casperson and
Amnon Yariv, Appl. Phys. Lett. 17, 259 (1970)].



