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Laser Dynamics

To discuss laser transients we recast the intensity and population rate equa-
tions for the laser in more convenient forms by re-interpreting some of the
rates that appear in them.!

7.1 Laser Equations of Motion

First consider the stimulated transition rate W, =1 (" )#,. Photon flux den-
sity # can be written in terms of photon number ( inside the cavity, cavity
volume V; and speed v = ¢/n of photons inside the cavity as

gc
# =
' Vcn

(7.1)
Then W, can be written as
n " qC
W, =!1(")# =1 — 1 Kg. 2
=L =1 (g Ka (72)

Since we will be dealing with quasi-monochromatic fields we will drop the
subscript " from field quantities. By writing the expression for ! (") explicitly
we find that the constant K is given by

L(")c $9%,S(") ¢ c%S(")c %

K = = = — = . )
nV, 8&nZ nV, "2 &N\, p (7.3)

Here S(") is the homogeneous line shape? and p is a pure number given by

_ {“‘_Qﬂ Ve (7.4)

C3 S(") "
The quantity inside square brackets is the density of field modes [# of modes

per unit volume per unit frequency range] in the vicinity of atomic transition
frequency "o " ". Recalling that [1/S (")] " &™ /2 and that V; is the cavity

'In some books R is used instead of W for the induced emission rate in the population rate
equations.
ZNote that o is always debned with respect to homogeneous line
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volume, we find that p is the number of cavity modes coupled to the atomic
transition. The constant K then is the spontaneous emisssion rate per cavity
mode. The number p varies from 108 for gas lasers to 102 for dye lasers. For
example, for the He:Ne laser with $ = 633 nm, 50 cm long cavity and beam

size of 1.0 mm and n =1 and ™ ,, = 250 MHz at normal operating pressures

_[8&"n?] V. [8&nP] V.&™
- [P s[5 5
 [8&# 0.50# &(107%)2&# 250 # 10°
B { (6.33# 1077)2# 3.00 # 108 # 2

H

] =1.3# 108

Thus the 633 nm transition can emit into 10® modes. Long lived cavity modes
discussed earlier are only a small subset of these modes.
The gain coefficient can also be rewritten as

cg") e ("), . .
= V." N)=K'N, 7.5
n nV, (Ve N) (7.5)
where 'N ="' N # V, is the population difference in the cavity volume V;

and we have used Eq. (7.3) for K. The coupled cavity equations can then be
written as

1+ c (@ ¢

— == I % — =—(g(" 7.6

@ n9S)he % =1 $))a (7.6)
This equation describes the effect of distributed gain and loss on the cavity
photon number. We can include the effect of transmission losses by adding a
term g cL./2nL to this equation. We then obtain the equation of motion for
the cavity photon number g

@ _ Cgrys))g s Lrg

(t n 2nL
_ o) _c
=——a$ QL +L;)5-a
=K'Ng | $ %qg (7.7)

Population density equations of motion
Ny =R,$ %N>$ W(N,$N 1), (7.8)
Ni=Ri$ %N, + %Ny +W(N2$N ),

lead to the equations for the level populations

N2 - r2$ O/QN2$ W(N2$ N1>, (710)
N1:r1$ %N1+%1N2+W(N2$ Nl) (711)
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For R; & 0 (no pumping to the lower laser level) and % ' %, W (lower laser
level empties as soon as it is occupied by decaying to lower levels) we find that

% +W

In this limit 'N ! (N2 $ N;) & N3. The population equations then reduce
to a single equation for the inversion 'N

N =rp$%N $WN =r,$%N $KNq (7.13)

Dropping the subscript on  and writing ‘N ! N we obtain coupled cavity-
atom equations of motion

d=KNg $ %q (7.14a)

N =r,$ %N $ KNg. (7.14b)
In the steady-state these equations lead to

0=KNg$ %q (7.15a)

0=r,$ %N $ KNq (7.15b)
Solving Eq. (7.15b) for population inversion N we obtain

ro/%; N ©)

T 1+Kgl% 1+ 0/G (7.16)

where N 9 is the unsaturated inversion and ¢ is the saturation photon number
given by 0 0 0
o_" _h_ % % 7.7
Thus, in order of magnitude, the saturation photon number g5 equals p.
Substituting this in Eq. (7.15a) we get a nonzero solution for q

KN (©
1+qlgs

0
% % q:05<K|:|()$1). (7.18)
L
For this to be a valid solution (g > 0) the unsaturated inversion must satisfy
KN () 9. Hence the unsaturated inversion must exceed the minumum
(threshold inversion)
%  %nV.
© T K el
for the cavity photon number to be nonzero. This condition is consistent with
the threshold condition derived earlier. Introducing the pump parameter by

(7.19)

(7.20)
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we can write the steady-state photon number inside the cavity as

g=0¢(r$ 1). (7.21)

Once intracavity photon number is known we can calculate the output power
by )
o lac.. liahc
2Ven 2 Ven
This again agrees with the previous result. Thus our simplified equations are
capable of adequately reproducing the results derived earlier. These equations
also inherit a deficiency. This deficiency is that these equatins fail to repro-
duce an imporatnt dynamical feature - the turn-on of the laser. To see this we
consider these equations in the limit % ' r%. This means the population re-
sponse is fast enough to follow the field variation. Then n stays in equilibrium
so that we have

(r$1)— %Tls(r $1)  (1.22)

N (©)
1+ q/gs

Substituting this in the equation of motion for the cavity photon number we
find

(7.23)

dg_ _%ra
dt — 1-+9/gs
=%(r$ 1)q$ %rq’/qs. (7.24)

% & %ra(1$ a/gs) $ %q

Separating the variables and integrating from q(0) = ¢ at t = 0 to q(t) at t
we find

Ooe(r—l)"ct
t) = - 7.25
where s is the steady state cavity photon number given by
r$1
Gs = qs—r . (7.26)

At t = 0 this solution reduces to q(0) = ¢ and for t * + it leads to Ggs. This
is shown in Fig. 7.1

The solution for the cavity photon number that we have just obtained has
several unsatisfactory features. First, if q(0) = 0, the cavity photon number
stays zero for all times. This means that if the laser is initially off, a common
initial condition, it will never turn on! We also note that according to Eq.
(7.25), if r < 1 then the cavity photon number relaxes to zero. This suggests
that below threshold there is no photon flux from the laser. This is contrary
to observation as significant photon flux leaves the laser even below threshold.

To remedy these problems we must include spontaneous emission contribu-
tion to the rate of photon emission. This contribution is of utmost important
in the initiation of laser buildup. We recall that the rate of absorption of
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FIGURE 7.1

Buildup of laser radiation (cavity photon number) with ¢, = 0.5 and g, = 10 for
r =1.01.

photons is proportional to q whereas the rate of emission of photons is pro-
portional to q+ 1 where the “1” is the contribution of spontaneous emission.
Thus unlike absorption from a mode we can have emission into a mode even
when no photons are present in the mode. Reminding ourselves that n is es-
sentially the number of atoms in the upper lasing level we replace qin the first
term by q+ 1. There is no change in the loss term. Similarly, in the equation
for n we replace q by g+ 1 because the last term represents a decrease in the
number of atoms in the laser level due to stimulated emission. The equations
of motion for g and n then become

dq

Gt =KN(@+1)$ %q (7.27a)
%—':' =rp$ %N $ KN (q+1). (7.27b)

7.2 Steady-State Solution
In the steady-state, dg/dt = 0 = dN/dt , these equations lead to the following
equations for g and N

KN (q+1)$ %q=0 (7.28a)
rp$ %N $ KN (q+1)=0. (7.28b)
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Eliminating n from these equations we find that the cavity photon number in
the steday-state is determined by

Krp 0 —_
%9 9T D8 ol + (a+ 1KI%] = 0. (7.29)

By introducing the laser pump parameter r, the saturation photon number ¢
and the scaled photon number X by

Kr, KN© NO

%% % N (7.50a)
%

= —, 7.30b

e }é ( )

% ( )

we can write the the steady-state equation for the cavity photon number as
x*$ (r$1$ 1/9s)x$ rlgs =0. (7.31)

Solving for X and using the relation between X and q we find two solutions for
g in the steady-state

q = % (1318 1as)x /(r$ 18 Ugs)? +4r7q, | - (7.32)

Only the + sign in this equation gives physically acceptable positive value for
the steady-state photon number. Denoting this solution by G we have

q. ! m:%[(m 1S 1gs) +/(r$ 18 17052 +4r7qs | |

& % (18 1)+ V/(r'$ 12 +4rTgs | . (7.33)

Here we have used the fact that the saturation photon number ¢ is of the
order of 10¥$ 102 so that 1/gs can be dropped compared to 1. Depending on
the value of r, we can approximate the cavity photon number as

r

(1$r)< 2/’ G : below threshold

1$r
4 =94 & r =1: at threshold (7.34)
a(r$ 1) (r$ 1)> 2/’ G : above thresold

These equations tell a profound tale. Below threshold (r < 1) the cavity
photon number is given by

r Kn©@  94,n©
q— ﬁd r = !

=157 %~ 0% (7.35)
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pump ratio r

FIGURE 7.2
Threshold of laser oscillation is accompanied by a dramatic rise in the cavity photon
number. Most of this change occurs over a very narrow pump parameter range

Ir$ 1< 2" .

This means that far below threshold only a fraction 1/p of the total number of
photons %;Nn(/%, emitted by the excited atoms in a cavity life time is emitted
into the laser mode. In other words, the cavity mode is simply one out of p
modes that couple to the atom.

Above threshold the cavity photon number is given by

B % Kn (© B %N ()

1
b= G(r$ )& ar = - %

(7.36)

This equation implies that above threshold almost all the photons N (%) (%/%,)
emitted by the excited atoms in a cavity life time end up in the cavity mode.
Thus in passing the threshold of oscillation of a mode, the status of the mode
changes from one out of 10® modes to a preferred mode. More and more
photons emitted by the atoms are channeled into the preferred mode. The
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rate at which photons are channeled into the cavity mode as r changes is given
by

d ré1)+1

da_ & G(r$ 1)+ . (7.37)

dr 2  [(r$ 1% 1/qs)?+4riq¢V?
Below threshold this rate is & 1/ (1$ r) and takes off as threshold is reached,
taking the value gs/ 2 at threshold and ¢ above threshold. Thus as r increases
the preferred cavity mode soaks up an increasing fraction of the total number
of photons emitted by the excited atoms. Another significant change takes
place in the statistics of photons. This will be discussed in a later section.

7.3 Transient Solution : Buildup of Laser Radiation

In this case we have to solve two coupled nonlinear equations. To handle
this problem analytically and still retain the basic physics we will consider
the situation that previals for most gas lasers where the population dynamics
is sufficiently fast that it can follow the field. This means that the time
dpendence of n is through the time dependence of . This is the so-called
adiabatic approximation which holds good for pumping not too far above
threshold. In this case we can solve for n in terms of q

ro/%;

N{t) = 1+ K (q+ 1)/%,

(7.38)

On substituting this in the equation of motion for q and using the fact that
near threshold g/qs is small, we obtain

dg KNO@ry
dt 1T+ Kt )i >

& KN O(q+ 1)[1$ K (q+ 1)/%)] $ %q, (7.39)

By introducing pump parameter r, saturation photon number ¢, scaled pho-
ton number X and scaled time * by

Kr g(o) n % q
== = —, = 1, X=—, * = %t 740
%% gn e T K & (740

we can write the equation of motion for the photon number near threshold as

O (x4 1/:) (18 xS 1/02) $
:$r{x2$l<r$1$2—r)x$L€1)}- (7.41)
r & &
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In the steady-state this equation leads to the following two solutions for the
scaled photon number X

4r

xi:%[(r$ 1$%)i (rs$ 1)2+d, (7.42)

where the physically acceptable solution is X,y ! Xss. As expected, these
solutions agree with those in Eq. (7.32) near threshold. The equation for x
can then be written as

% =$r(x$ x)(x$ x_) (7.43)

where X4 are given by Eq. (7.42). We also have the following relations

X, $ x:%,/(r$ 1)2+g, (7.44a)
1

G S 1
Xy Xo =$ @ &$ . (7.44Db)
Separating the variables we have
1 1
_ Y
dx XS X, $ <5 x_} $r(xy$ x_)d*!'$ %dt, (7.45)

where the the effective decay rate % is given by

% —r(x,$ X )%= % a$1f+%. (7.46)

Integrating Eq.(7.45) from X = 0 at time t = 0 to X(t) at time t we obtain

XS X)X ] o,
In [m} = $%t. (7.47a)

After rearranging this we find that X(t) is given by

) = X, (1$e)  x.(1$ e )
SIS et @y

X, (1$ e <)
1+ gx2e et

(7.47b)

Finally, reverting back to the cavity photon number g = ¢ # X we obtain

Gs(1$ )

=TT (7.48)

q(t)



160 Laser Physics

where s = X, G is the steady-state photon number, which from Eq. (7.42)
is given by

s & % r$ 14+ V(s 17+ . (7.49)

Equation (7.48) decsribes the buildup of the cavity photon number near thresh-
old during the turn on of the laser. Note that the photon number q(t) vanishes
at t = 0 and approaches Qs as t * +
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FIGURE 7.3

Buildup of laser radiation (cavity photon number) with ¢, = 0.5 and g, = 10 for
r =1.01.

Recall that without the spontaneous emission contribution the transient
solution is
OOe(rfl)"ct

o TS (7.50)

qt) = o

Here ¢y = q(0) is the initial value of the cavity photon number and s, the
steady-state photon number without the spontaneous emission, is given by

0 r< 1

Gs = r$1 (> 1 (7.51)

According to this equation, if we start with the laser initially off [q(0) = 0],
there is no build up of laser radiation. This is an unsatisfactory feature of
laser equations of motion without spontaneous emission.
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A Note on Mode Density

This derivation uses standing waves, but can also be carried out with traveling
waves with periodic boundary conditions.

Feedback and Optical Resonators: We have seen that when a field is applied
to a collection of atoms it induces population inversion and a polarization
that can amplify a propagating signal. We have also seen that an atomic
transition responds to a large number of frequencies in the neighborhood of
its transition frequency. We may take, for example, the FWHM to be the
range of frequencies to which a collection of atoms responds. We have seen
that, in general, an inverted population of atoms is not enough to produce
significant amplification and build up of optical signals. Optical resonators
that perform a variety of functions are an essential element of lasers. Like
their low frequency (microwave cavities) counterparts optical resonators are
needed to

(i) Build up large field intensities at specified frequencies with moderate
power inputs. We have seen that the rate of stimulated emission is pro-
portional to energy density at a particular frequency. This means we
need devices to store and build up energy at the frequency of interest.

(ii) Act as filters (spatial and frequency) responding selectively to field with
prescribed spatial variation and frequency. Spatial filtering is responsible
for the collimation properties of amplified signals and frequency filtering
is responsible for their narrow bandwidth.

The ability of a resonator to perform these two tasks is measured by a figure
of merit, the quality factor Q.

In the microwave regime we define a mode of a resonator as a stationary
electromagnetic field configuration that satisfies Maxwells equations and the
appropriate boundary conditions. Thus for a rectangular cavity with each side
of length L, the electric field is given by E = EqUn,n,n,(r )€ #ninanst where

Ex = Ay e #ninanst g (nfLX) sin (n2L&y) sin <n3L&Z> , (7.52)
E, = Aye #rinanstgin (ﬂch) Ccos <n2L&y> sin <n3L&Z> : (7.53)
E, = Aze #ninanstgip (nfo> sin <n2|j&y> CoS <n3L&Z> , (7.54)

where the mode wave vector and frequency are given by

&
mnens = D\ NG 4N3, (755

, (7.56)

&
kn1n2n3 = E (nl, n21 n3) ’

n
a‘nd +n1n2n3 l 2& nlngngknlngng

Slo x
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FIGURE 7.4

A rectangular cavity with conducting walls will support a discrete set of modes
because the field vectors must satisfy certain boundary conditions at the walls.

respectively. Since the electric field must satisfy ! 4E = 0 inside rhe cavity,
the mode indices (N, Ny, N3) and the field amplitudes (A, Ay, A3z) satisfy the
constraint

n No N3
—A —A —A;=0.
3 1+L 2+L 3

The mode functions satisfy the usual orthogonality relation

o 3
prm— | 1 1
/\; Uninyng AU n1n2n3d I'= ynin}»nanbsngn -

These modes can be represented by discrete points in a three-dimensioanl
space spanned by (N, N2, N3) axes as shown in Fig. 7.4

With this mode structure, the number of modes in the frequency interval "
and " 4+ d" is then the number of points inside a spherical shell of radius "
and thickness d"

dN 1 volume of spherical shell 1 4&"%d" 4 9
d"  8volume associated with one mode ~ 8(c3/8ndL3)
8&"?n*d"V
— T . (7'57>

The factor % in the first line of this equation accounts for the fact that mode
indices are positive integers. Hence only the points (N, Ny, N3) in the positive
octant of the sphere in Ny, Ny, N3 space count toward the number of modes.
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FEach mode is characterized by three positive integers Ny, N and N3z can be repre-
sented as a point in the positive octant of (N1, Ng, N3) space. Each point is counted
twice corresponding to two polarizations of the field.

The factor of 2 at the end takes into account the two polarization degree of
freedom for light for each set wave number Kn,n,n,-

If such a resonator is used at optical frequency with an inverted gain medium
inside the resonator, the number of resonator modes p falling under the gain
bandwidth of laser transition will be

8&"2 V ,II at
=—V,)"a =8&| = ,
p Cg at ($3> "o
where we have put the refractive index n = 1. For a frequency " = 5# 10

Hz ($ = 600 nm), ," 5 = 1.5# 10° Hz and a cavity of volume V=1 cm?, we
find the number of modes interacting with the atom is p = 3.5 # 10%. For a
closed resonator all of these modes will have access to atomic gain. They will
have similar losses and feedback so that oscillation would occur at a very large
number of frequencies. Such a behavior would be highly undesirable because
it would result in light from the laser being emitted in a wide spectral range
and in all directions (and hence no collimation).

How do we reduce the number of modes? One possibility (suggested by p
being proportional to cavity volume V) is to make a small cavity. Suppose we
want p= 1 at $=600 nm. This will require a cavity of volume

$ (0.6 um)® 5# 10 5
8&." 8& 1a# 10° (km) (7.58)

Such a cavity, although not impossible nowadays, is not practical because we
need some room to place the amplifying medium. Moreover, even if we could
accommodate the medium, the gain itself will be very small.

Problems discussed above can be overcome to a large extent by employing
open resonators. In open resonators only those modes that correspond to a
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superposition of waves traveling very nearly parallel to the resonator axis
will have low enough losses for fields to build up. Energy in all other modes
will be lost in a few traversals. These modes will have a very low Q. Open
resonators were first suggested by Schawlow and Townes and Prokhorov.?
In open resonators there are no conducting side walls. The active medium
is placed between two mirrors carefully aligned. In such resonators photons
traveling along the axis are trapped. Those photons that travel at an angle
eventually escape. One can improve things a bit by using curved mirrors so
that due to the focusing action of mirrors only photons making small angles
with the axis are trapped. For such photons we can write

ﬁ B n,&/L

k  (&L)y/n2+nZ+nZ’
& o (ng&/l_)

k  (&L)y/n2+n2+n2’
Ks (N3&JL)

k  (&/L)y/n2+n2+n2

With ki, ks (- k, ks and using the relation k = 20—2 = %\/n% + N3+ n3, we can
write krl = nz+_%v ky = ”2%_0/", ks = ”2%_0/", Ny, Ny ( N3. Hence for each value of N3 we
have a small group of modes that have a frequency ", = kv = % & N35- that
will be amplified. We call ", = 72% a resonance frequency. These resonance
frequencies are separated from each other by

c

A" — "n3+1$ lln3 — 2nL .

These groups of frequencies are referred to as quasi-modes of the resonator
because for open cavities true modes (stationary modes) are not defined. It
is clear that the light coming out from open resonators will have beam-like
quality. This is because only Ki,Ks (ks modes will be populated. There is
another change that occurs due to finite mirror apertures. Even from paraxial
modes energy is lost due to diffraction. This means every time a wave hits the
end mirrors energy will be lost due to finite mirror sizes. Because of dissipation
one cannot use mode definition and true modes (stationary configurations) do
not exist for open resonators. However quasi-stationary configurations lasting
millions of optical cycles do exist. Furthermore these modes have transverse
extent that falls off rapidly with distance from the axis. These fields have
space-time structure

E(r,t) =EoU(r)e e

3A. L. Schawlow and C. H. Townes, Phys. Rev. 112, 1940 (1958); A. M. Prokhorov, Sov. Phys.
JETP 1, 1140(1958).
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where *¢ is a characteristic time scale in which the amplitude of the field de-
cays, where Eyis the field amplitude at time t = 0. In the absence of excitation

the amplitude decays in time.



